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Algorithms for Sheet Metal Nesting
Jeffrey W. Herrmann, David R. Delalio
Abstract— This paper discusses the problem of minimizing
the cost of sheet metal punching when nesting (batching) orders. Although the problem is NP-complete, the solution to
a linear programming relaxation yields an efficient heuristic.
This paper analyzes the heuristic’s worst-case performance
and discusses experimental results that demonstrate its ability to find good solutions across a range of cost parameters
and problem sizes.
Keywords— Sheet metal punching, Batch processing, Manufacturing, Optimization.

I. Introduction

S

HEET metal is a popular material for many types of
products. Forming a part from sheet metal includes
preparatory and finishing operations such as blanking, deburring, and bending. A blank is an intermediate part
that is cut from sheet metal and transformed by other operations to form the finished part. Many manufacturers
use numerically controlled (NC) punch presses for creating blanks. Such a press is an extremely flexible machine
and can form a wide variety of shapes from different types
of sheet metal. It forms a part by using different tools to
punch holes in the metal sheet. The metal sheet is clamped
to a table that the machine can move. By moving the sheet
and cutting holes next to each other (see Figure 1), the
press forms the part’s outline, leaving small pieces to hold
the part in the sheet. During this process, the press follows
the instructions listed in a NC program. These instructions
tell the press how to punch one or more copies of the part
from a sheet sheared to the correct size.
To complete a job (or order) that requires many parts,
an operator first loads the NC program into the machine,
arranges the clamps, and places the needed tools into the
tool carousel, if they are not already in place. Then the operator loads the first sheared sheet and runs the NC program, which punches some parts from that sheet. Then
the operator unloads the punched sheet, loads a new sheet,
and repeats the process until the order is finished. Sheared
sheets are cost-effective when producing large quantities
because less material is wasted.
In the modern manufacturing environment, many companies are using smaller lot sizes and trying to decrease
costs wherever possible. Nesting is a potential solution for
sheet metal punching.
Definition 1: Nesting combines multiple orders that require the same type of sheet metal so that a punch press
can complete all of the parts in these orders as one job.
Note that the nested parts must require the same material and the same sheet thickness. Nesting can reduce the
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time for machine setup and sheet loading and reduce material costs. The operator performs only one setup (instead
of two or more). Instead of purchasing specific sheared
sheets, nesting uses larger, standard sheets, which cost less
per pound because they don’t require a shearing operation.
Because the sheets are larger, fewer are needed, and the operator spends less time loading sheets. Section II describes
nesting in more detail.
Nesting has great cost-saving potential, and we have
worked with a manufacturer that is beginning to nest orders regularly. However, it raises some questions. If no
orders are nested, it is straightforward to calculate the
orders’ capacity and material requirements (for example,
see [1]). However, nesting the orders requires new methods that model the requirements more accurately. This is
especially important when using order release procedures
that monitor work-in-process inventory and estimate the
machine workloads. Overestimating the workload requirements will starve machines unnecessarily. If these machines
are bottlenecks, then this decreases the shop’s throughput.
(This company is developing such procedures [2, 3].) In
addition, the shop needs to monitor requirements for standard metal sheets so that sufficient stock is on-hand when
needed. Finally, it is important to calculate accurate costs
and to estimate the cost savings, if any, that nesting will
bring. Herrmann and Delalio [4] describe models for calculating accurate capacity and material requirements.
Although nesting can save time and money, nesting every
order is not necessarily the best policy. When the objective
is to minimize setup and material costs, finding the optimal
set of orders to nest is not a simple problem.
We will prove that the problem is NP-complete and will
present a pseudo-polynomial time dynamic program to find
an optimal solution. Although we can use integer programming techniques or the dynamic program to solve the problem optimally, these are not easy to implement in a factory,
and an exact algorithm takes too much time to do by hand.
Thus, a robust, fast heuristic that is easy to implement
would be a very useful tool for dynamic nesting. This paper discusses a linear programming relaxation and derives
an efficient heuristic. Finally, we discuss nesting frequency
and some related issues.
Various aspects of sheet metal manufacturing have attracted attention in the past. Some writers [5, 6] have described sequencing algorithms that reduce the total punching time due to table movement and tool changes. Sachs
[7] introduces the fundamental issues in sheet metal fabrication and classifies sheet metal parts based on the part
geometry. Other authors also describe the associated manufacturing processes (for example, see [8]). Previous work
on batching includes work on how to batch jobs to create
good schedules [9, 10] cutting stock problems that seek to
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minimize waste (starting with Gilmore and Gomory [11]),
and multiperiod lot sizing problems that are similar to the
joint replenishment problem [12]. Other authors have considered how setup time reductions affect average inventory
costs (for example, see [13, 14]). There exist a variety of
commercial software packages that can layout parts from
multiple orders and generate the necessary NC code. However, we are not aware of any work that considers the problem of forming a batch from a set of orders to minimize
setup and material costs.
Section III introduces the notation, formulates the dynamic nesting problem, presents a dynamic programming
solution, and discusses a linear programming relaxation.
Section IV presents an efficient heuristic and its worstcase error bound. Section V presents some experimental
results that demonstrate the heuristic’s performance. Section VI concludes the paper and presents some ideas for
future work.
II. Dynamic Nesting
This section discusses the context for sheet metal nesting
decisions. Although this discussion was motivated by our
work with a specific manufacturer, the setting is typical
and will apply to other manufacturers and similar manufacturing processes as well.
The manufacturer uses a manufacturing planning and
control system that maintains a master production schedule. The planning system uses material requirements planning (MRP) to explode the end-item requirements into
work orders for components and subassemblies. Also, the
planning system has detailed routings (process plans) that
specify the resources required for each product. Thus, production planners can identify, for next week and each week
after that, the orders that will require the punch presses
in the sheet metal area. (In this setting there are no filler
parts available for consuming remaining open areas.)
Because the product mix changes greatly each week, the
sheet metal area will use dynamic nesting to nest the orders.
Definition 2: Dynamic nesting periodically considers the
specific orders to be punched in the next period and creates
customized nests for those orders.
That is, before each week, the production planners will
identify and nest the orders that will be released into the
shop that week. Orders that require the same NC punch
press, the same material type, and the same sheet thickness
can form a nest. Then, the production planners will use
existing software that arranges the required parts on the
minimum number of unsheared sheets, leaving room for the
clamping area and leaving room between the parts. This
software also creates the required NC program by combining the NC programs for each different part. After the
orders are released, the operator loads this NC program
onto the punch press and starts punching the nest, loading
unsheared sheets and removing punched sheets as required.
Punched sheets are sent to a deburring operation, where an
employee removes the individual parts from the sheet, removes any burrs from the part, and sorts the parts into the
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individual workorders for additional processing.
For a simple example, consider Figure 2. Order 1 requires two parts, one on each sheared sheet. Order 2 requires four parts, all on one sheared sheet. Order 3 requires
four parts, two on each sheared sheet. All three orders require the same material type and thickness. Thus, they can
form a nest. Nesting all three orders creates the nest in the
bottom right of the figure. The nest requires two unsheared
sheets. If the nest includes only Orders 1 and 2, then the
nest requires only one unsheared sheet, as shown in the
bottom left of the figure. Order 3 is processed separately.
Dynamic nesting has great cost-saving potential since a
nest requires only one setup and fewer, standard sheets.
However, finding the optimal nest (which minimizes the
setup and material costs) is not a simple problem. The
production planners need a tool to help identify good nests.
However, they must make this nesting decision before they
can generate the actual nest layout (and the associated NC
program).
To overcome this obstacle, we simplified the layout problem by considering only the area that each part requires
and the total usable area of a sheet. A part’s required area,
which may have a complex profile, includes the necessary
inter-part spacing and any internal area that no other part
could possibly use. We assume that parts will fit onto a
sheet if the total area is sufficient. If many of the parts
were large, then this approximation would be poor, and
we would need to consider the part geometry and part layout explicitly in the nesting decision process. However, in
practice, the parts were small compared to an unsheared
sheet, so the approximation is acceptable. (The largest
part area was approximately eleven percent of the usable
sheet area.) Note that the nesting decision determines
which orders (and parts) the nest should include, but it
does not create a layout for the parts on the sheets. If the
actual part layout for the nest did require more unsheared
sheets than the nesting decision predicted, there would be
time to modify the nesting decision. Thus, we used the
area approximation for making the nesting decision.
III. Problem Formulation
This section introduces the dynamic nesting problem.
This discussion describes a set of orders that need processing on a given machine in a given week.
We limit our analysis to the most significant costs that
nesting changes. These are the direct labor for performing
machine setups and loading sheets and the cost of sheared
and unsheared sheets. The cost for setup labor is determined by the time required and the labor cost (in dollars
per hour). Although there is unavoidable variation in setup
and sheet loading times, we use the average time in this
analysis.
This analysis does not include the time that the machine
spends cutting the parts because nesting does not significantly affect the cutting time, which depends upon the
perimeter of the parts to be cut, or the time the punch
spends moving from one part to another. The machine
setup time includes time for tool changes, which are not
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explicitly considered. As discussed previously, we assume
that the number of sheets required for a nest is at least
the total area of the nested parts (including the necessary
inter-part spacing) divided by the usable sheet area.
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Minimize
C(X) =

X
j∈G

Fj +

X

P
(sj R−Fj )Xj +

j∈G ej Xj

j∈G

A


R+Y S
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A. Notation
For a given time period, there are a set of jobs (orders)
to be processed on a given machine. These orders form g
disjoint groups G1 , . . . , Gg . The jobs in a group require the
same material and same sheet thickness. Thus, they can
form a nest. The nesting of each group does not affect the
nesting of any other group, so it is possible to decompose
the problem into subproblems for each group. Thus, the
remainder of this paper will address the problem for one
group.
The machine setup time for a non-nested order is u0 .
The machine setup time for a nest is u1 . Let D be the
direct labor cost rate for setup (and sheet loading) time
(in dollars per hour).
An order Jj requires qj copies of part type ij . Each part
of type ij has area A0 (ij ), which includes the necessary
inter-part spacing. Let Oj = qj A0 (ij ) be the total area of
an order Jj . (We assume that all areas can be expressed
as integers in some unit of measurement.)
If not nested, an order Jj requires Nj0 sheared sheets.
The time needed to load each sheared sheet is t0j . The cost
of each sheet is c0j . Let Fj = Nj0 (c0j + t0j D) + u0 D be the
total material and setup cost of not nesting an order Jj .
Now consider the nest for group G. Let Xj = 1 if
order Jj is in the nest, and Xj = 0 otherwise. Let
Y = maxj∈G {Xj }. If there are any nested orders, Y = 1.
Otherwise, Y = 0. Let S = u1 D be the machine setup
cost for a nest. Each unsheared sheet includes clamping
area and area that can be used for parts. Let N (X) be the
number of sheets required, which depends upon the nesting decision, the total area of the nested orders, and the
unsheared sheet’s usable area A.

P
j∈G Oj Xj
N (X) =
A
where dxe is the smallest integer greater than or equal
to x.
The time needed to load each unsheared sheet is t1 . The
cost of each sheet is c1 . Let R = c1 + t1 D be the total
material and sheet loading cost of an unsheared sheet.
Then, for a given nesting decision X, the total setup and
material cost for the group is the following sum:
P

X
j∈G Oj Xj
C(X) =
Fj (1 − Xj ) +
R+YS
A
j∈G

For purposes of analysis, identify, for each j ∈ G, the
non-negative integer sj such that sj A ≤ Oj < (sj + 1)A.
Then, there exists a value ej such that Oj = ej + sj A and
0 ≤ ej < A. sj is the number of whole unsheared sheets
that order Jj requires, and ej is the extra area that the
order requires. Then, we can write the dynamic nesting
optimization problem as follows:

Xj
Xj
Y

≤ Y ∀j∈G
∈ {0, 1} ∀j ∈ G
∈ {0, 1}

The decision version of this problem is an NP-complete
problem. The proof, which is discussed in the Appendix,
uses a transformation from the PARTITION problem.
Moreover, this problem remains NP-complete if all of the
setup costs are zero or if all of the material costs are zero.
Note especially that, because the objective function is
nonlinear, the linear programming relaxation does not yield
an optimal solution despite the integer extreme points (see
also Section III-C).
B. Dynamic Programming
This section presents a pseudo-polynomial dynamic programming algorithm to solve the nesting problem for each
group. Number the orders in the group 1, 2, . . . , n. Although the total number of feasible solutions is 2n , the
computational effort of the dynamic program is proportional to nA. Thus, as n increases, the computational effort
does not increase exponentially, unlike other enumeration
techniques that could be used. The dynamic program presented here is a forward dynamic program that finds the
optimal (least-cost) nesting decision. For more information
about dynamic programming, see, for example, [15].
The state of the dynamic program is the set of orders that
have been considered and the area on the last unsheared
sheet. The recursive equations determine, for each state,
the cost of the optimal policy that achieves the state. Let
f (j, x) be the minimum cost of any nesting decision that
has considered the first j orders and requires area x on the
last unsheared sheet. (Note that the cost function tallies
the cost of the complete unsheared sheets used, which do
not otherwise affect the recursion.)
Initialization: f (0, 0) = 0. f (0, A) = S. f (0, x) = infinity if 0 < x < A.
Recursion: If x = 0, then
f (j, x) = f (j − 1, x) + Fj
In this case, no orders are nested.
If 0 < x ≤ ej , then
f (j, x) = min{f (j−1, x)+Fj , f (j−1, A+x−ej )+(sj +1)R}
In this case, either order j was not nested, or order j added
its sj unsheared sheets and the extra area of order j added
another unsheared sheet to the nest. In this case, the
portion of order j on the new unsheared sheet has area
x, and the portion on the last unsheared sheet has area
ej − x. Thus, the area on the last unsheared sheet was
A − (ej − x) = A + x − ej before adding order j to the nest.
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If ej < x ≤ A, then
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A. Description

f (j, x) = min{f (j − 1, x) + Fj , f (j − 1, x − ej ) + sj R}
In this case, either order j was not nested, or order j added
its sj unsheared sheets but the extra area of order j fit onto
the last unsheared sheet of the nest.
Answer:
min {f (n, x)}
0≤x≤A

The complexity of this algorithm is O(nA).
This formulation allows us to identify a special case that
can be solved immediately. Note that (sj +1)R is an upper
bound for the cost of nesting order j. If (sj + 1)R ≤ Fj ,
then the cost of adding the order to the nest is less than
or equal to the cost of excluding it. If (sj + 1)R ≤ Fj ∀j,
then nesting no orders is the only solution that could
Pcost
less than nesting every order. To decide,Pcompare j Fj
(the cost of nesting no orders) to S + d j Oj /AeR (the
cost of nesting every order). If the first quantity is smaller,
then nesting no orders is the optimal solution. Otherwise,
nesting every order is an optimal solution.

The heuristic (called “Simple”) requires the following
steps:
1. Calculate the approximate net cost Tj of nesting order
Jj for all j = 1, . . . , n, in group G:
Tj = sj R +

2. Let W = {j : Tj <P0}.
3. If W is emptyP
or j∈W Tj + S ≥ 0, then nest nothing.
Otherwise, since j∈W Tj + S < 0, nest order Jj (Xj = 1)
if and only if j ∈ W .
The heuristic, which finds an optimal solution to the linear
programming relaxation, requires O(n) effort, so it is very
efficient. In addition, the heuristic produces near-optimal
nesting decisions, as the following result shows.
Theorem 1: If X o is the solution that the Simple heuristic creates and X ∗ is an optimal nest for the dynamic nesting problem, then C(X o ) − C(X ∗ ) < R.
Proof: For any solution X, C(X) is the cost of the
solution. Note the following bound on this cost:
X
X
Fj +
Tj Xj + Y S
C(X) ≥ C R (X) =
j∈G

C. Linear Programming Relaxation
In order to construct an efficient heuristic, we form and
solve a linear programming relaxation of the dynamic nesting problem. The variables are now continuous, and the
objective function has been made linear.
Minimize
X
X
ej
C R (X) =
Fj +
(sj R + R − Fj )Xj + Y S
A
j∈G

j∈G

Xj
0 ≤ Xj
0≤Y

≤ Y ∀j∈G
≤ 1 ∀j ∈ G
≤ 1

This linear program has integer extreme points, and we
can determine the optimal solution as follows. Let Tj =
e
sj R + Aj R − Fj be the net cost of nesting order Jj in this
linear program. If no Tj < 0, then an optimal solution is
to nest nothing (all Xj = 0 and Y = 0).
POtherwise, some Tj < 0. Let W = {j : Tj < 0}. If
S ≥ 0, then an optimal solution is to nest
j∈W Tj +P
nothing. If j∈W Tj + S < 0, then the optimal solution is
to nest order Jj if and only if j ∈ W (Xj = 1 if and only
if j ∈ W and Y = 1). This insight leads to the heuristic
described below.

j∈G

If all Tj ≥ 0, then, P
for any solution X that nests an order,
Y = 1, and C(X) > j∈G Fj , so the optimal solution must
be nesting nothing, which the heuristic does, since W will
be empty. Thus, C(X o ) = C(X ∗ ).
Now, suppose some Tj < 0. W = {j : Tj < 0}. Define a
lower bound B:
X
X
Fj +
Tj + S
B=
j∈G

subject to

ej
R − Fj
A

j∈W

B is a lower bound on the cost C(X) of any solution X
that nests an
Porder.
P
Suppose
j∈W Tj + S ≥ 0. Then B ≥
j∈G Fj , so
an optimal solution is to nest nothing, which the heuristic
does. Thus,P
C(X o ) = C(X ∗ ).
P
Suppose j∈W Tj + S < 0. Then B < j∈G Fj . Substituting the formula for Tj yields
P
X
X
j∈W ej
B=
Fj +
(sj R − Fj ) +
R+S
A
j∈G

j∈W

Let X o be the heuristic solution: Xj = 1 if and only if
j ∈ W . Y = 1.
P

X
X
j∈W ej
o
C(X ) =
Fj +
(sj R − Fj ) +
R+S
A
j∈G

j∈W

Because dxeR < (x + 1)R,
IV. An Efficient Heuristic
This section presents an efficient heuristic for the cost
optimization problem. It requires little computational effort and creates cost-effective nests, as we will show. We
will also discuss how to implement the heuristic.

C(X o ) < B + R
If X ∗ nests an order, then B ≤ C(X ∗ ), so
C(X o ) < C(X ∗ ) + R
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P
P
If X ∗ nests nothing, C(X ∗ ) = j∈G Fj , and B < j∈G Fj
implies that B < C(X ∗ ). Thus,
C(X o ) < C(X ∗ ) + R
So, in the worst case, C(X o ) − C(X ∗ ) < R.
This worst case can be achieved. Consider the following instance, which has one order: Given R and A,
select parameters e and d such that 0 < e < A and
0 < d < R(1 − e/A). Let F1 = eR/A + 2d. Let S = d and
O1 = e (thus s1 = 0 and e1 = e). Then, T1 = −2d < 0,
and T1 + S = −d < 0. The heuristic forms a nest.
X o , the optimal solution to the linear programming relaxation, is X1o = 1 and Y o = 1. C R (X o ) = eR/A + d,
and C(X o ) = R + d. However, by the constraints on d,
C(X o ) − F1 = R − eR/A − d > 0, so the optimal nest X ∗ is
to nest nothing (X1∗ = 0, Y ∗ = 0). C(X ∗ ) = F1 . As e and
d approach zero, C(X o ) approaches R, C(X ∗ ) approaches
zero, and C(X o ) − C(X ∗ ) approaches R.
B. Implementation
To implement dynamic nesting the production planners
first need to sort the orders to be released each time period
into groups based on material type and thickness. The
next step is to use the Simple heuristic to make a nesting
decision for each group.
To implement the Simple heuristic, the production planners need the following information:
• For each order, Fj , the total setup and material cost of
order Jj if it is not nested.
• For each order, Oj , the total area that order Jj requires.
• A, the usable area of an unsheared sheet.
• R, the material and sheet loading cost of an unsheared
sheet.
• S, the machine setup cost for a nest.
For an order Jj , calculating Fj requires the following steps:
determine the number of sheared sheets (the number of
parts in the order divided by the number of parts per
sheet), multiply by the material and sheet loading cost of
a sheared sheet, and add the machine setup cost for an
unnested order. Calculating Oj requires one to multiply
the number of parts in the order by the required area (including unusable space and interpart spacing) per part.
After the data is collected, the heuristic can proceed as
follows:
1. Calculate the approximate net cost Tj of nesting order
Jj for all orders in the group.
Tj =

Oj
R − Fj
A

2. Let W = {j : Tj <P0}.
3. If W is empty or j∈W Tj + S ≥ 0, then nest nothing.
Otherwise, nest the orders in W .
V. Experiments
This section presents some experiments conducted on
typical data that we encountered in industry. The manufacturing firm provided the necessary part data. To protect
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proprietary information, we do not include in this report
all of the data that we collected. In addition, all cost values
are scaled.
First we identified 11 part types as typical parts. Table I
presents some information about the part types and the
sheared sheets.
The load time t0j for all sheared sheets is 0.014 hours.
The machine setup time for a non-nested order is u0 = 0.5
hours. The part perimeters ranged from 30 cm to 216 cm.
The unsheared sheets (which measure 122 cm by 244 cm)
are much larger than the sheared sheets. Their usable area
is A = 26 381 cm2 . The time needed to load each unsheared
sheet is t1 = 0.021 hours. The machine setup time for a
nest is u1 = 1.25 hours.
To compare the average performance of the heuristic, we
created a number of problem sets, each defined by a combination of problem parameters, and generated ten random instances within each set. The problem parameters
included the usable area of an unsheared sheet, the cost of
an unsheared sheet, the cost to load an unsheared sheet,
the cost to setup a nest, the cost to load a sheared sheet,
the cost to setup an order, the number of orders in the
instance, the minimum parts per order, and the maximum
parts per order.
For each instance, the instance generation procedure created the appropriate number of orders. For each order, the
procedure randomly selected one of the eleven part types
and the number of parts in the order. Then, using the cost
parameters, it calculated the non-nested cost Fj , the total
area Oj , the number of whole unsheared sheets sj , and the
extra area ej . A complete instance includes this data for
each order and the nest setup cost S, the usable unsheared
sheet area A, and the unsheared sheet cost R.
Table II lists the combinations of parameters used. Most
parameters were unchanged as we were particularly interested in the heuristic’s performance as the unsheared sheet
cost changed and as orders became smaller but more numerous.
Table III lists the average relative cost of the heuristic on
each problem set. For comparison’s sake, we also measured
the cost of nesting nothing and the cost of nesting everything. For each instance, the relative cost of each solution is
the cost of the solution divided by the optimal cost (determined by the dynamic program) for that instance. Then,
the relative cost is the averaged over the ten instances in
the problem set. We did not measure CPU times as the
heuristic is a polynomial-time algorithm and requires very
little computational effort. Our primary concern was the
quality of the solutions.
We can see from these results that the heuristic is able to
find good solutions. The relative cost of extreme solutions
(nesting nothing or nesting everything) changes greatly as
the unsheared sheet cost changes. However, the relative
cost of the heuristic’s solutions remains low in all scenarios.
The discussion so far has concerned a given set of orders,
and which should be nested. However, the production planners also need to consider how often to form nests. Nesting more frequently would reduce the nest size and allow
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orders to be released to the shop more frequently, reducing work-in-process inventory. However, it might increase
costs. Nesting less frequently, which would create larger
nests, should further reduce setup and material costs, although it will increase work-in-process inventory. Thus,
we investigated how the nesting frequency affects the total
setup and material costs.
To do this, we created, for each of the six problem sets,
ten randomly generated instances of 256 orders. We then
compared batch sizes of 2, 4, 8, 16, 32, 128, and 256 orders.
When the batch size equals b, the instance has y = 256/b
batches. We used the Simple heuristic to nest the orders
in each batch. (Of course, for some batches, the heuristic
may decide to nest nothing.) The total setup and material cost was summed over all y batches. This total cost,
relative to the total cost when b = 2, was averaged over
the ten instances in the problem set. Table IV summarizes
the results. Note that increasing batch size corresponds to
decreasing nesting frequency.
These results show that changing the dynamic nesting
frequency can significantly change the material and setup
costs. This change is greatest when the unsheared material cost is low, as in Set A and Set D, because nests are
always preferable. Thus, less frequent nesting decreases
costs because there are fewer nest setups. When the cost
of unsheared material is moderate, as in Set B and Set E,
smaller batches are less likely to be nested because the
cost of the nest setup outweighs the benefits of nesting the
small set of orders. In this case, nesting less frequently reduces nest setup costs, but the reduction is smaller. When
unsheared material is expensive, as in Set C and Set F,
small batches are rarely nested. Nesting less frequently
increases the batch size, and the heuristic nests a few orders, which increases costs due to the expensive unsheared
sheets. When the batches are very large, more orders are
nested, and the setup costs decrease. Also, note that when
orders have fewer parts (Sets D, E, and F), more orders will
fit onto an unsheared sheet. Thus, larger nests eliminate
more unnested setups, which reduces costs more (compared
to Sets A, B, and C).
Thus, we conclude that, when unsheared material is inexpensive and nests are preferred, changing the nesting frequency can significantly affect setup and material costs.
However, when unsheared material is expensive and nests
are not desirable, changing the nesting frequency does not
affect setup and material costs as much.
VI. Conclusions
Dynamic nesting has great cost-saving potential for NC
punch presses that create sheet metal blanks. It reduces
setups and material requirements. However, finding the
most cost-effective nest is an NP-complete problem. This
paper addresses that problem and presents a robust, efficient heuristic that is easy to implement.
Specifically, we constructed an integer program that
models the nesting decision for a group of orders that require the same material type and thickness. The objective
is to minimize the total cost of setup and material. After
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analyzing a linear programming relaxation, we derived an
efficient heuristic and presented a worst-case error bound.
Experimental testing based on industry data demonstrated
the heuristic’s effectiveness over a range of cost parameters
and order sizes. In addition, testing illustrated how changing the nesting frequency changes the total setup and material costs.
When beginning to implement dynamic nesting, nesting
all orders may seem like a good strategy. Unfortunately, it
could lead to poor solutions. The heuristic presented here,
however, is guaranteed to find near-optimal solutions. The
heuristic’s minimal data and computational requirements
allow it to run independent of other software packages such
as nesting software or optimization engines. Because it is
a robust, fast algorithm that is easy to implement, the
heuristic should be a very useful tool for dynamic nesting.
Our analysis simplified the layout problem by considering only the required area for each part and the total
usable area of a sheet. For making the nesting decision,
which precedes part layout, we assume that parts will fit
onto a sheet if the total area is sufficient. If many of the
parts were large, then this approximation would be poor,
and we would need to consider the part geometry and part
layout explicitly in the nesting decision process. However,
in practice, the parts were small compared to an unsheared
sheet, so the approximation is acceptable. In addition, if
creating the actual part layout for a nest did require more
unsheared sheets than expected, there would be time to
modify the nesting decision.
Appendix
This section considers the problem of finding the least
expensive nest for a group. Let us formally state the decision version of the nesting optimization problem:
NESTING. Instance: A set G of orders, with costs as
given in Section III, and a cost constraint C.
Question: Is there a nest X such that the total cost C(X)
is less than or equal to C?
P

X
j∈G Oj Xj
Fj (1 − Xj ) +
R+YS
C(X) =
A
j∈G

Theorem 2: NESTING is NP-complete.
Proof: To show that this problem is NP-complete,
we define a transformation from the NP-complete problem
PARTITION.
PARTITION. Instance: A finite set A = {d1 , d2 , . . . , dn },
where each di is a positive integer.
Question: Is there a subset S ⊂ {1, 2, . . . , n} that partitions the set into two equal subsets?
X
X
di =
di
i∈S

i∈S
/

Given any instance of PARTITION, we can construct (in
polynomial time) an instance of NESTING and show that
there is a solution to PARTITION if and only if there is
a solution to NESTING. This will show that NESTING is
NP-complete.
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P
For an instance of PARTITION, let B = 12 i∈A di .
Thus, there is a solution toPPARTITION if and only if
there is a subset S such that i∈S di = B. Now, construct
the following instance of NESTING:
Let C = 3B. Let G = {0, 1, 2, . . . , n}. Let u0 = 0. For
all orders, let t0j = 0. Let u1 = 0 and t1 = 0. Let c1 = 2B
and A = 3B. Let D = 0. Thus, S = 0.
For each order j > 0, let A(ij ) = 1, qj = dj , Nj0 = dj ,
and c0j = 1. Thus, Oj = dj and Fj = dj , for j > 0. Note
dj < A, so sj = 0 and ej = dj . These orders have many
small parts, and a sheared sheet holds one part.
For order 0, let A(i0 ) = 2B, q0 = 1, N00 = 1, and c00 =
2B. Thus, O0 = 2B and F0 = 2B. This order has one
large part and requires one expensive sheared sheet.
Substitute these values into the equations for N (X) and
C(X):

N (X) =

2BX0 +

P
j>0

3B

C(X) = 2B(1 − X0 ) +

dj Xj

X

dj (1 − Xj ) + N (X)2B

If there is a solutionP
to PARTITION, then there exists a
partition S such that i∈S di = B. Form a solution X to
NESTING as follows: nest order 0 and those orders j ∈ S.
Don’t nest the other orders. That is, Y = 1 and X0 = 1;
for j > 0, Xj = 1 if and only if j ∈ S.

N (X) =

2B +

P
j∈S

P
Third, suppose Y = 1, X0 = 0, and 0 < j∈S dj ≤ 2B.
This nest will require one unsheared sheet, and the total
cost will exceed C:

P
j∈S dj
=1
N (X) =
3B

C(X) = 2B +

dj



=1
3B
X
C(X) = 0 +
dj + 2B = 3B
j ∈S
/

= C

Finally,
suppose no orders
P are nested: Y = 0, X0 = 0,
P
and j∈S dj = 0. Thus, j∈S
/ dj = 2B. This solution will
require no unsheared sheets, but the total cost will exceed
C:
X
C(X) = 2B +
dj + 0 = 4B > C
This completes the proof, for we have shown that there
is no solution to NESTING.
Note that this proof shows that NESTING is NPcomplete even if all setup costs are zero. This problem
remains NP-complete if the setup costs are positive but
the material costs are zero. To prove this, construct the
following transformation: Let G = {0, 1, 2, . . . , n}. For
each order j > 0, let A(ij ) = 1, qj = dj , Nj0 = dj , c0j = 0,
and t0j = 1. For order 0, let A(i0 ) = 2B, q0 = 1, N00 = 1,
c00 = 2B, and t00 = 2B. Let c1 = 0, t1 = 2B, and A = 3B.
Let u0 = 0 and u1 = 0. Let D = 1. S = 0. Let C = 3B.
This yields the same equations for N (X) and C(X):
P


2BX0 + j>0 dj Xj
N (X) =
3B
X
C(X) = 2B(1 − X0 ) +
dj (1 − Xj ) + N (X)2B
Thus, this problem has a solution (C(X) ≤ C) if and
only if PARTITION has a solution.
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