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SYNOPSIS

Realization theory studies the relation between internal (based
on a dynamical model) and external (based on input-output relations)
description of systems. It also provides constructive ways (algorithmic
if possible) of building simple (economical) models and investigates the
relations between equally simple internal models. For linear, time
invariant systems, with finite dimensional state spaces, realization
theory is well understood and has become by now standard. Its methods
and results are used in design, synthesis, identification, and filtering.

In this dissertation a realization theory is developed for linear,
time invariant systems, with infinite dimensional state spaces. Previous
work in this area has been concentrated on very general systems (the
state space is a locally convex Hausdorff topological vector space),
rendering thus intractable a detailed study of the relation between
characteristic properties of the input-output law and its models.

Here we focus our study on systems, which have state spaces with
the structure of a Hilbert space. The input-output laws we consider are
given by the standard convolution integral, whose kernel is the weighting
pattern and characterizes the external description of the system. We
study systems for which the infinitesimal state transition operator is
bounded as well as systems for which it is unbounded but generates a Co—
semigroup. Many important classes of systems governed by linear partial
differential equations or by integrodifferential equations are thus in-

cluded in the category of systems we investigate. On one hand our motivation
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comes from a desire to understand engineering problems where the
assumption of finite dimensionality is too restrictive and on the other
hand we want to see the finite dimensional theory as a part of a larger
picture.

In addition to obtaining realizability criteria covering the basic
cases, we prove the existence of canonical realizations with spectral
properties closely reflecting the properties of the singularities of the
transfer functions and the existence of universal dynamical models for
the class of systems considered. Our approach is based on the close
relation between the transfer functions considered here and the Hardy
spaces of complex functions on disks or half-planes, and on certain
facts from operator theory and the theory of semigroups of operators.

Applications of the results presented in this dissertation to
filtering problems with nonrational spectra, to the implementation of optimal
controllers by distributed parameter systems, to systems involving délays
and in understanding several ad hoc modeling methods in engineering
based on modal approximation suggest themselves as significant and inter-
esting topics for further research. The application of the universal
models in studying problems in physics, and more generally the connections
of our theory with established physical theories (e.g. quantum mechanics)
need further investigation. Finally, further research is needed for
an effective construction of simﬁle models for systems with dynamics of
special character (e.g. the state transition operators form an analytic

semigroup, or a group, or are compact).



CHAPTER I

INTRODUCTION

1.1 The Problem of Realization in Engineering and Physics

The analysis of many engineering and industrial processes,
engineering devices as well as the investigation of problems in
physics are essentially studies of the properties of particular
systems; where'bya system we mean an entity which accepts inputs
and produces outputs. The inputs (controls) are those specific
variables which we can vary, while the outputs are those variables
which we can only observe.

There are two generally accepted ways_of a;alyzing a
system. The first is based on the development of the input-output
relations which account best for a large part of experimental
input-output data. Then one proceeds to a detailed study of these
relations and of their implications. When this is done we say that
we have an external description of the system. The second is based
on the construction of a dynamical model for the internal structure
of the system with the help of a set of parameters, the so called
"internal" variables (or states); the requirement being that input-
output relations derived using this internal model must agree with
experimental data. When we can construct such a model we say that
we have an internal description of the system.

In many problems in design, synthesis and implementation one
is given performance specifications (which constitute the input-

output relations) and is asked to construct a model which will satisfy



these specifications as close as possible. The same problem appears
in the simulation of engineering and physical processes by analog
computers.

The problem of realization is that of constructing internal models
for given external descriptions. An important requirement is that the
model should account for the observed data (the input-output relations)
in as simple a way as possible. Realization theory studies the
relation between internal and external description of systems, con-
structive ways of building simple models and the relations between
equally simple internal models. Its importance rests largely on two
facts: a) a simple dynamicalmodel permits easier and more complete
study of the properties of the system and on the other hand indicates
simple ways of synthesis, b) knowing the relations between equally
simple models, gives the means to conclude if an existing model (which
might come from physical theories as well) is as simple as possible
and on the other hand permits the construction of simple models particularly
suited for the study of certain questions about the behaviour of the

system.

1.2 Motivation and Contents

The input-output relations we are considering in this thesis are
linear and time invariant. The input and output spaces are appropriate
function spaces which are closed under time translation, slicing and
concatenation. The input spaces is denoted by I.S. and the output space

by 0.S. We will be mainly concerned with the scalar input, scalar output



case. Time invariance means that the input-output map commutes
with time translations. Linearity means that the input-output map
is 1linear.

Suppose that the input space contains & (-~,») (the space
C:(—w,W) endowed with the Schwartz topology [21]) and that the
output space contains & (-©,©) (the space C (-»,®) endowed with the
Schwartz topology). These are general assumptions about the input
and output spaces. Then using the Schwartz kernel theorem of dis-
tribution theory [21], Matsuo [52] has shown, that a continuous, time

invariant linear input-output map has the representation

y = T#qy (1)

where v is the input function, y the output function and * denotes
convolution in the sense of distributions (see [21]). Similar results
can be found in [56]. T is generallya distribution and is called

the weighting pattern [2] of the system. Kalman and Hautus [50],

Kamen [51], also studied realization theory in the context of distri-
butions. The generality of their approach however does not permit a
detailed study of the relation between the weighting pattern (which
characterizes the external description) and its models.
We will assume that (1) can be written in the usual integral
convolution form
t
y(t) = fo T(t-o)u(o)do (2)

where T is a real valued function with properties such that



the integral description in (2) is well defined. Moreover we will
assume that the Laplace transform of T exists, and we will denote

it by E. T is usually called the transfer function.

The internal dynamical models we consider are described by

the equations

=2 x(6) = Ax(e) + Bu(t)
@)
y(t) = C{x(t)]
where x(t) % a Hilbert space, usually separable, called the

state space, u(t) €9 a Hilbert space, y(t) € & a Hilbert space.
The input (resp. output) space is a space of %/-valued (resp. #-valued)
functions (e.g. Lz((O,w);Qy), Lp(((O,w);Qy), C ((0,2); %). A is the
infinitesimal generator of a Co—semigroup of bounded operators {eAt}
(see sec. 1.3) on H.B: 9> H is a bounded linear operator. C : H +%
is a linear oper;;;; which is either bounded, or is defined on Q%(A)
(the domain of A) and ||C[x]||<k(]|Ax||+||x]|]) for some constant k,
for x ¢ Q%(A). In the case of scalar inputs, scalar outputs B becomes
just an element b € #, and C a linear functional ¢ on 4% .

So the problem of constructing &n internal model like (Z) given
the external description (2) of the system is reduced in our case to
the following: Given a weighting pattern T on [0,») which is real valued,
find a Hilbert space o and [A,b,c] so that the input—-output relation
of (I) starting at the state zero agrees with the one given by (2). This
is equivalent with the problem of finding <# and [A,b,c] as above, in order

to express T as T(t) = c[eAtb] or to express itgLaplace transform T

as c[(Is—A)_lb] in some appropriately defined region of the complex plane.



We consider several distinct, but related cases.
The first centers around the existence of realizations [A,b,c]
with A a bounded operator on &, b an element of # and ¢ a bounded

linear functional on &#. We call such triples bounded realizations.

In this case the state transition operators {eAt} are continuous in
the uniform operator topology on #.

We call a triple [A,b,c] a regular realization if A is the infin-

itesimal generator of a strongly continuous semigroup of bounded
operators {eAE} on H, (see sec. 1.3), b is an element of S and c¢ is
a bounded linear functional on .

In both.cases above the output can also be expressed, as is well-
known as the inner product of x(t) with some element of &# which is
uniquely determined by the functional ¢, and which we denote also by
c; i.e. we shall write y(t) = c[x(t)] = <c,x(t)>.

We also consider cases where A is the infinitesimal generator of
a strongly continuous semigroup of bounded operators on # , b is
restricted to belong to the domain of A (written Q%(A)) but ¢ is a
linear functional defined on Q%(A) and such that |c(x)| < k(||ax||+|]|x|])
for all x € Q%(A) and some constant k. Such realizations will be called

balanced realizations. They have important properties not shared by

regular realizations (see sec. 2.5).
When S#is finite dimensional the problems concerned with realization
are well understood and the theory has become by now standard (see [2],

[42], [43]).



Our motivation for concentrating on models like (I) comes from
a desire to understand many engineering problems involving transmission
lines, elastic deformations, systems involving delays, moving fluids
and related matters, where the assumption of finite dimensionality is
too restrictive. Systems governed by linear partial differential
equations, including stochastic systems are in the category described
in (). On the other hand we want to see the finite dimensional results
themselves as a part of a larger picture. Our motivation for intro-
ducing the notion of a balanced realization comes from systems governed
by partial differential equations with observations on the boundary of
the domain of definition (see example 1 of sec. 2.4, and [39] p. 200).

The external description and equivalently the wéighting pattern
T can appear in several different ways. For example we may have already
a dynamical model for the system which is very complicated: a fact
which might prevent further study. However by looking at the input-
output relation we can find via realization theory a simple model which
is amenable to detailed study. In certain optimal control problems,
e.g. of systems involving delays with quadratic cost criteria, the
optimal control turns out to be a convolution of the state (see [44]),
i.ei is given by a formula similar to (2) where y is replaced by u,
the optimal control and u by x, the state of the system. The kernel
of this convolution does not have rational Laplace transform and hence
we cannot implement the optimal control by a finite dimensional system.

It is possible however to implement the controller by an infinite



dimensional linear system. In several other problems in

optimal control of systems governed by partial differential equations,
with quadratic criteria the optimal control turns out to be a spatial
convolution of the state. For example for the diffusion equation on
the line, with distributed control and quadratic criteria the optimal
1° The kernel w,

usually does not have rational Laplace transform. The problem of

control is of the form u = [w w(z—zl)x(t,zl)dz
0

implementing the optimal controller can be formulated as a problem in
infinite dimensional realization theory, where the role of time is
played now by the variable z. In problems in filtering, one is given
a covariance matrix, and the problem is to construct a dynamical system
with white noise as input, whose output has as covariance matrix the
given one. This also can be formulated as a realization problem (see [45]).
To date however the assumption is that the elements of the covariance
matrix have rational Laplace transforms, which is equivalent to assuming
that the model is finite dimensional. Infinite dimensional realization
theory will provide ways to solve this problem in the case of nonrational
spectra.

Our approach to these problems is based on two facts:

a) the set of transfer functions which admit bounded realizations
is related in a close way to the space of complex functions analytic
and square integrable on the disk |s| < 1 and the set of transfer
functions which admit balanced or regular realizations is related in

a close way to functions analytic and square integrable on a half-plane.



b) It is a fact from operator theory that the unilateral shift
is a universal model for bounded operators (c.f. [9]) (see sec. 2.8
for a precise statement) and from the theory of semigroups of bounded
operators that the translation semigroup is a universal model for
Co—semigroups (c.f. [39]) (see sec. 2.8 for a precise statement).

It is a) that permits the construction of models whose infinitesimal
generators have spectral properties reflecting the properties of the
singularities of E. This requirement is essential from the engineering
point of view, and is used as a guide for modeling in many problems (see
for example the work of Carlin and Noble in [46], [47] in modeling of
wave guide systems). On the other hand b) permits the construction
of very simple universal dynamical models for the class of weighting
patterns considered.

The study of systems like (I) begun by A.V. Balakrishnan [31].

W. Helton [14] also investigates some questions of this type but
emphasizes a different class of ideas. Closest to our approach is
that of Paul A. Fuhrmann [13] who analyzes bounded realizations in
discrete time.

In the first half of chapter II we characterize the class of
transfer functions which admit bounded realizations and investigate
the relation between the spectral properties of the infinitesimal
generators and the properties of the singularities of the transfer
functions. In the second half of chapter II we give a similar study
for transfer functions which admit balanced or regular realizations.

In this chapter we prove the equivalence of balanced and regular

realizations and in the final section we analyze the importance of the



universal dynamical models.

In the first section of chapter III we give a brief review of the
theory of controllability and observability for infinite dimensional
systems. In sections 3.3, 3.4, 3.5 we study canonical bounded realizationms,
we introduce the notion of S-minimal realizations and we classify transfer
functions according to the properties of their singularities. In the
last section of chapter III we undertake a similar study for canonical
regular realizations.

Some of the results described here represent joint work with

R.W. Brockett and have been previously reported in [48], [49].

1.3 Notation and Some Mathematical Background

The real numbers are denoted by JR; the complex numbers by ¢ .

denotes usually a Hilbert space. B(X# ) denotes the Banach algebra of bounded

oo
operators on . When Mn’ n=0,1,... are subspaces of o, \ Mn denotes
n=1
the subspace spanned by Mn.
Following [18], [21] a one parameter family &(t) of bounded operators

on A form a Co semigroup if

1) &(t+s) = d(t)d(s) , tss >0

ii) &) =1
i14)  lim ||@(t)x-x|| = 0
t->0+

The infinitesimal generator A of the semigroup is defined as

& (h) x-x

Ax = lim 5

h->0+
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whenever the limit exists. The set of x for which the limit exists

is the domain of A denoted by Q%(A) and is dense. Moreover A is
closed. Usually we denote ¢(t) by eAt. By the Hille-Yosida Theorem
[18] a necessary and sufficient condition that a closed linear operator
A with domain Q%(A) dense, be the infinitesimal generator of a Co
semigroup, is that there exist positive real numbers M and B such that
for every real A > 8, A is in the resolvent set of A and

[1(a-a)""|| « —— (n=1,2,...). If these conditions hold for all

O-8)"
A > B then (Is—A)_1 exists for all complex s with Re s > B and is

given by (Is—A)_lx = [w e-St

2

We say that the operators &(t) form a Co-group whenever i) above

e™xdt for all x eEH , [f(Is—A)—nl!SM/(Re s-B)"

ll < MeBt.

for Re s > B, and lleA
holds for t, s < 0 as well. This means that A and -A generate Co—semi—
groups, and hence by the lille-Yosida Theorem one gets necessary and
sufficient conditions for an operator A to generate a Co—group (18}, f211).
We say that the operators ¢(t) form an analytic semigroup whenever
1), ii), iii) above hold for t,s in the sector ]arg tl <o <-% of
the complex plane. Properties of analytic semigroups and their infinitesimal
generators are described in [18], [53].
By 22(Z+) we denote the standard Hilbert space of sequences

{ai}

:=1 which ame square summable. By 22(22) we denote the space of

sequences {a]._}:._o_____aD which are square summable.
The open disk of radius p is denoted by ﬂ>p ={s | Is| < p}. We

write D for lD The boundary of D , the unit circle, is denoted

1
by T . By Hz(ﬂ)) we mean the set of complex valued functions which are
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holomorphic in P and have a Taylor series about zero with square
summable coefficients. The space HZ(H%Q is defined by saying that
Y(s) belongs to H2( E%) if and only if Y(s/p) belongs to HZ(HD).

By Lz(qr) we mean the set of complex valued functions which are

defined and square integrable, in the Lebesgue sense, on the unit
circle. By Hz(ﬁF) we mean the subspace of Lz(ﬂP) of functions with
vanishing negative Fourier coefficients. Hz(ﬂ)) and HZ(QP) are related
by the fact that for any function in H2(B>) the radial limits from

within the disk lim w(rele) = ¢(B) exist for almost all 6 and give an

element ¢ of Hz(q;;? This correspondence is, moreover, one to one and
onto so that HZ(E>) and HZ(TF) are closely related indeed. 1In fact the
Fourier coefficients of ¢ are the Taylor coefficients of . 1In
addition, Hz(ﬁ)) is a Hilbert space with the inner product
)
WYpaby> = ) o B
n=0

where wl(s) = Z ansn and wz(s) = z ann
n=0 n=0

This makes HZ(D), HZ(TP) and 22(22+) isomorphic as Hilbert spaces with

the isomorphisms defined by

[e o] i Lo o]
(ao,al,az,...) > Z a;s’ «> Z a e
i=0 n=0

inb

We denote by H: the half-plane Re s > p. We understand by
HZ(H:) the space of functions which are analytic in H; and square

+
integrable along vertical lines in Hp such that
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40 2
sup f [¥(eriy)| “dy < M < o
X>p 4=

The relationship between Hz('ID) and HZ(H+) is this: ¢() € HZ(H+)

if and only if Y defined by

V) = 5 oD

belongs to HZ(tD). (See Hoffman [7] page 130).

We would like to recall some of the facts from Fourier Transform
theory that involve HZ(H+) and especially the Paley~Wiener theorem. We
denote by I the imaginary axis in the complex plane. It is well known

that the Fourier transform

%
g(t) v~—>r e 10 (tyde = ¢ (iw)

is a unitary map between L2 (~,©) and LZ(I . %’-). Consider L2(0,°°)
as the subspace of L2(-°°,°°) of functions which vanish on (-«,0), and
Lz(-w,O) as the subspace of LZ(—°°,°°) of functions which vanish on
(0,). Then obviously Lz(—w,O) = L2(0,<>°)‘L in LZ(-°°,°°). Moreover
if we let HZ(I) =? LZ(O,°°) and ﬁz(]I) =% Lz(—w,O) we see that
HZ(I )-L = ?12(1[). Hz(]I) consists exactly of the boundary values of
the elements of H2( H+) (which exist for almost all w). Moreover if

z denotes the Laplace transform

g(t) \-———ér e“Stg(t)dt = G(s) for g ¢ LZ(O,w)
0

0] .
f£(t) }—-)f e-Stf(t)dt = F(s) for f ¢ L2(-°°,0)
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the Paley-Wiener theorem says that H?‘(H+) =£L2(O,OO). If we let

I™ denote the half-plane Re s < 0, then also HZ(I") =& L, (-, 0).
Moreover ;iz(l) consists exactly of the boﬁndary values of the elements
of HZ(H—). The relation between HZ(H+) and HZ(H_) is simple. A
function f(s) belongs to HZ(H+) if and only if f(-3) belongs to
HZ(H—). Then obviously we see that ﬁz(]f) = HZ(T]).

The spaces HZ(H)), IIZ(T), HZ(H+), HZ(I[) are called Hardy spaces.
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CHAPTER II

LINEAR REALIZABILITY THEORY

2.1 Examples of Systems with Uniformly Continuous State-Transition

Operators

In this section we give some examplesof systems where the state-
transition operators are uniformly continuous, i.e. the operator A
is bounded.

The first group of examples come from systems governed by parabolic
and certain hyperbolic partial differential equations with constant
coefficients, where the spatial domain is infinite or semi-infinite,
after semi-discretization with uniform spatial mesh (see Birkhoff and
R.S. Varga [23]).

Example 1: Consider the system

32 32
( 5 -3 Yx(t,z) = g(z)u(t)
ot oz

(L)
y(t) = Jw f(z)x(t,z)dz
0

i

where x(t,.) € LZ(O,w) and is such that E—I x(t,*) (i=1,2) exist and
3z

belong to L2(O,W) for all t; x(-,2) is twice differentiable;

2
£(+) € L,(0,2); g(.), 5—2— g(+), :—3 g(+) € L,(0,@)5 x(t,z) = 0 for
4

z € (-»,0) and the initial conditions x(0,+) and 5% x(0,+) are given.

If we let 82 x(t,z) = E(t,2z) we can write (1) as follows
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3 x(t,z) 0 I1)=x(t,2) 0 A
3t =1 32 + u(t)
E(t,Z) - 0 E(t,Z) g(z)
i > (2)
(f(z), 0] |x(t,2)
y(t) = J” dz
0 £(t,z) )

If we introduce a uniform spatial mesh of length h, let

xm(t) = x(tsmh)
£ (t) = E(t,mh)
m=0, 1, 2, ...
g, = &(mh)
fm = f (mh)

and approximate the second spatial derivative with the standard

central difference scheme and the integral with the usual Riemann sum,

we obtéin from (2) the equations

EXCH| 0o n2 000 0 1o 7 fo 7
£, (t) -2 0 100 0 ... £ (1) -3
x, (t) 00 0 nio 0 ' x, (1) 0
£, (0) 10-2010 ... _ £, (1) 8,
x_1 () S e 00h2 0 0 0 0 . fx ()] |o

= | ,® -h—;- 2 0 1 ozo 0 g @+ ]e  jue

x (t) e 00 0 B20 0 .. |x (®) 0
£,(0) | e 102010 g | (e
% (0 00 00 0 r .. |, ® Jo
& ® 00 10-20 Er1®] 84y

[ 8 : it 4 L

(3)
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y(&) =h [ fx (t)

m=0
00 -] 0 4
where now {xm<t)}m=0’ {fm}m-O’ {gm}m=0 belong to 22(22). Clearly

the operator A in (3) above belongs to B(22(22+)).
Note: Many physical processes can be modeled by (1) or (and) its
n-dimensional version e.g. transmission lines, wave propagation,
wavegulde systems, linearized elastic deformations.
Example 2: Consider the system
2

(52 - —2—3 )x(t,2) = g(2)u(t)
Z

(4)
fw f(z)x(t,z)dz
0

y(t)

where x(t,+) € LZ(O,w) and is such that %if x(t,*) (i=1,2) exist and
belong to L2(0,w) for all t; x(-,2z) is di;ferentiable; g(*), 5%'8(.)’
'a‘zj g(-) and £(+) belong to L,(0,2)} x(t,z) = 0 for z € (-»,0) and
izb,') is given.

Proceeding as in example 1, introducing a semi-discretization

scheme we can write (4) in the fomm:

- - - 1T, - o -
x (t) -2 10 0 ... xo(t) g,
x,(0) 1-2 1.0 ... x, (t) g
xz(t) 0 1-2 1 ... Xz(t) g,
= S : +| - we)  (5)
& 1y ©® n? e 1 =210 .l fx_ (® g
xm(t) ees 0 1-2 1 ... xm(t) g,
xm_l(t) e 0 0 1-2 ... xm-i-l(t) Bnt1
> : - =N : * J N * e "y -J
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y(t) = h mZO £ x (t)

where as before the sequences xm(t), fm’ 8 belong to 22(2r).
Again it is obvious that the operator A in (5) belongs to B(lz(Zf)).
Note: Many physical phenomena and industrial as well as engineering
problems can be modeled by (4) and several different versions of it
or (and) its n-dimensional analogue e.g. problems in heating furnaces,
diffusion processes, chemical processes.

Remark 1: The same semi-discretization process, applied to Cauchy

problems with differential operators of the form

ox n
= ; —
3t k§1 PyrPrsersDPXs Dy = g

where pjk are polynomials, will give systems governed by ordinary

(but operational) differential equations in Banach spaces (in general)

with the operator A (the so called infinitesimal transition operator)

being bounded. Also the same technique works for similar linear

problems with variable (but time invariable) coefficients. However,

it is shown in [23] §5, that it is for problems with constant coefficients
that the semi-discrete schemes work best. Namely it is shown that for

any linear Cauchy problem with constant coefficients which is 'well-set"

in the sense of Petrowsky, one can by using central differences obtain
semi-discretizations having arbitrarily high order of consistency which

are also numerically stable.
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Remark 2: In the examples above, we assumed distributed control
and distributed observation. The same technique, of course, will
work with boundary control and boundary observation which are more
close to practical situations. As a matter of fact the semi-discre-
tization procedure can be used effectively to study problems like these
which at first glance look rather complicated.

The second group of examples come from systems governed by certain
particular classes of partial differential equations.

Example 3: Consider the system

- 3% x(t,z) + -3-% 2 x(t,2)- 5% x(t,2)-x(t,z) = b(z)u(t)
(6)
y(t) = x(t,0)

where x(t,*) € §6065%) = {h ¢ L2(0,w) such that h is locally absolutely
continuous and 3% he LZ(O,w)}; x(+,2z) and 3% x(*,z) differentiable;
b(.) € Lz(O,w). By the properties of the operator sg-with domain
&5065%) in L2(0,w) (see sec. 2.6 of this thesis, or [25] p. 38, or

[11] p. 150) we know that (I - 3—2)‘1 is an everywhere defined bounded

operator on L2(0,m) (since 1 is in the resolvent set of 5%9. If we

let
)
E(C,Z) = ('a"z_ - Dx(t,2)

we can write (6) as follows:

32 £(6,2) = (G2 + D - D, b u(e)
7
y(t) = (8—2‘ - I)-li(t,z)]z=0
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But the operator

9 0
Ge+ Do -1

z

-1

is bounded (see [11]) p. 151) and obviously many properties of the
system (6) can be deduced from the study of the properties of system (7).

For a complete description of the process involved in the above
case, as well as for an abstract exposition of these ideas, the reader
is referred to the book by Sz-Nagy-Foias [11] p. 141.

Example 4: Consider the system

52 52 x(t,2) + 50 x(t,2) - 5o x(t,2) = b(2u(t)
(8)
y(t) = x(t,1)

= 0;

where x(t,*) ¢ Lz(D,l), is absolutely continuous and x(t,0)

x(+,2z) and 5% x(+,2) are differentiable b(.) € L2(0,1). Considering
. ] ]

as domain of - 5, the subspace 6@0(- az) {h e L2(0,1) such that

h is absolutely continuous and h(0) = 0}, we see that Cg% + I)_l is a

bounded operator on L2(0,l).

If we let £(t,z) = (5% + I)x(t,z) we can write (8) as follows:
2 E(6,2) = 52 G2+ DL, 2) + b(2)u(e)
) 9)
-1
y(8) = G+ DTEE, ],

It is easy to verify that the operator

9 ] -1 .
-é'-z— (-a—z + I) . L2(0,l) > Lz(o,l)
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z

is bounded (indeed is given by £(t,z) > £(t,z) - f e (z—c)éj(t,o)do.
0

Again we can use gystem (9) to study system (8).

Example 5: The same idea carries over to second order systems

like

52 32 3
— x(t,z) + — 3 x(t,z) - x(t,z) = b(z)u(t)
at ot (10)

y(t) = x(t,1)

where x(t,*) € L2(0,1), is absolutely continuous and x(t,0) = 0;
x(*,2) and 5% x(+,2) are twice differentiable;b(.) & L2(O,l).
Similarly as above (-5—2—+ I)_l is bounded and if we let (32- +I)x(t,z)=E(t,z)

we can write (10) as follows

2

& E(t,2) = o+ DTE(E,2) + b(2)u(®)

at (11)

3 -1
Y(t) = ('é';"" I) g(t’z)]z=l
Denote 3% £(t,z) by ¢(t,z) and obtain from (11):
5 | E(ts2) 0 1] |&(t,2) 0 )
3{ = 3 -1 + U(t)
¢(t,z) G+ D 0f [¢(t,2) b(z)
> (12)

3 -1
Go+ D 0 g(t,z)
y(t) =| 2
0 0 o(t,z)

z=1 J

Other examples for systems with uniformly continuous state-
transition operators can be found in problems of queuing theory, and
in systems governed by certain classes of integro-differential equations

(see equation (9) in example 4 above).
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2.2 The Class of Weighting Patterns which Admit Bounded Realizations

In this section we characterize the class of weighting patterns
which admit bounded realizations.

Recall (see sec. 1.2) that the problem is the following:
Let T : [0,@) +[R 1 be a continuous function of time. When can it
be written as

T(t) = <c,eAtb>

where b, c € ¥ (a Hilbert space) and A : F 3 1s bounded?
As is well known such a representation is possible for T withzie
finite dimensional if and only if T is of exponential order and its

transform

5(3) = fw e-StT(t)dt; Re s > ¢
0 o

is rational. In the present case A is bounded; {eAt} defines a
uniformly continuous semigroup of operators (see [1], page 626),

and since b, and c belong tof( we have

e, > < |[b]] - [|e||-meel AT 1L R

where I'eAtlI < MellAIl Itl, and the norms are as usual. Thus the
class we are looking for includes only functions of exponential order.
Moreover since A is bounded, <c,eAtb> is an entire function.

The following two theorems characterize in the time and frequency
domain the set of realizable input-output maps.

Theorem 1: T : [0,o) + R 1 has a bounded realization if and only if

T is an entire function of exponential order.
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Proof: The necessity follows from the above. For the sufficiency,

since T is entire it has a power series expansion

[+ ¢}
T(t) = ] c. t”
n
n=0
valid in the finite complex plane. Let Go be the exponential order
of T. Then lim (n!lc !)l/n =0 (see [20] p. 95). So for k> o
oo n o o
we have
n! cnl O n
= <)
n!fcnl o +
and consequently the sequence { } o € %(Z). Take now

kn n=

_0 -
1 0
0 1 0
A = k 0 1 0
0 1 0.
OI .‘a.‘h
b = {1, 0, O, }
1]
c = {c -Sl "% }
’ ’ L) 9 oo
k kn

and this completes the proof.

Using now Laplace transform in the complex domain we pass from
the equation T(t) = <c,eAtb> to the equation f(s) = <c,(Is~A)—lb>
for Re s > ||A||. Since A is bounded using an elementary analytic

continuation argument we see that T is analytic for |s| > | 1Al ]
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and also that i(w) = 0, Hence %(s) = <<:,b>$-l + <c,Ab>s-2+<c,A2b>s—3+...
for s > [|a]].

Theorem 2: The function T : [0,®) +R 1 has a bounded realization
if and only if the Laplace Transform T of T is analytic at infinity
and vanishes there.

Proof: The necessity follows clearly from the above. For the
sufficiency since T is analytic at infinity and vanishes there, it has
a power series expansion

T(s) = Eo ais-(i+1) for |s| >y

for some finite Y. Then for k > Y we have that the sequence

{—=1} € 2,(Z ). So take again
ki i=0 2
o -
1 O
o 1 o
A=k 0 1, 0,
0.
L Teoe o

and this completes the proof.

Remark 1: It is apparent from the above that if T has any bounded
realization, then it can be realized by a multiple of the unilateral
shift in 22(]Z+) or by a multiple of the bilateral shift in 22(22).

To see the latter take
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. 0
c.al 0
‘0 1 O
0o 1 O
A=k 0 1 0,
o 1, °.
0 . ) ¢ .
b = {--.,0,1,0,0,--.} >
¢ nic
c = {0..0’0,c°,i_ 9 o kn }

(with {Ci} and k as in Theorem 1). This is not surprising in view
of the fact that the shift can be considered as a universal model
for bounded operators in Hilbert space (c.f. [9]). More details
about this fact, as well as about its implications for systems theory
will be given in section 8 of this chapter.

Remark 2: If we ask that for a bounded realization b € & (a
Banach space), c €%* (the dual) and A : B+ is bounded, the realizability
criteria given in Theorems 1 and 2 still hold.

Remark 3: It is clear from the above that the singularities of
; must be contained in a compact set of the complex plane. Hence if
the singularities include branch points, in order for ; to have a bounded
realization it must be possible to consider the branch cuts in the finite
plane, (since any T which has a bounded realization is analytic at infinity).
In most physical problems the position of the branch cuts (in case we

have a choice to consider these cuts in the finite plane or through infinity)
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is implied by physical and asymptotic conditions. Therefore if these
conditions exclude the possibility of considering the branch cuts
for % in the finite plane, then % has no bounded realization.

Using several classical results on entire functions of exponential
order we can describe the set of singularities of their Laplace trans-
forms in more detail (we follow R. Boas [25] ch. 5).

Let f(t) (t regarded as a complex variable) be an entire function
of exponential order (exponential type in Boas's terminology). The

indicator function of f is defined as

h(6) = lim sup r = log|£(re'®)| 50 € [0,2n]
e

Obviously h( 6) is finite or -o. Moreover h is continuous on (0, 2m)
and if 91 < 92 < 63 with 62 - 91 < T, 93 - 82 <171 h(B) satisfies
h(Bl)sin(63—92)+h(62)sin(91—63)+h(63)sin(62—91) >0

Let K be a compact convex set in the complex plane (:. The supporting

function of K is defined as

k(¢) = max Re(se-id)); ¢ € [0,27]

s€K

Pictorially this is illustrated in the following figure 1:
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-

Figure 1: 1Illustrating the derivation of k(¢) for the set K

A function k on (0,2m) is the supporting function of some nonempty
compact convex set if and only if (c.f. [25] p. 71)

i) k is continuous

ii) for ¢l < ¢2 < ¢3, with ¢2 - ¢1 <7, ¢3 - ¢2 <7

we have

k(¢1)sin(¢3-¢2)+k(¢2)sin(¢l-¢3)+k(¢3)sin(¢2-¢l) 20

It is obvious from this fact and the properties of the indicator
function of an entire function f of exponential order, that any
indicator function is a supporting function for some compact convex
set. The question which arises naturally is how this set is determined
by f, and if it has any other relation with the properties of f. The

answer is given by the following theorem.
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Theorem 3: ([25] p. 73) Let f be an entire function of exp. order,
h its indicator function and f its Laplace transform. If Cf is the
smallest compact convex set outside which % is regular, the support-
ing function of Cf is h(-6).

In other words h is the supporting function of a compact convex

set, the indicator diagram of f, and Cf is the reflection of the indicator

diagram with respect to the real axis, and is called the conjugate indicator

diagram.

This theorem therefore gives a more precise description of the position
of singularities of i, than the one given in Remark 3 above.

Now an extreme point of a convex set K is a boundary point which is
not an interior point of a line segment belonging to the boundary of K .
We have then that the extreme points of Cf are singular points of ?
(c.f. [25] p. 75).

A very important for us case is when the conjugate indicator diagram
becomes a line segment. This will be explained in the following section.
An example of this is the Bessel function of zeroth order 3 o for which

we have C = [-1,1].

Yo

2.3 Spectral Properties of the Infinitesimal Generators for Bounded

Realizations in Relation with Classical Function Theory

In this section we derive some qualitative properties of the
spectrum of an infinitesimal generator A which realizes T, and study
its relation to the set of singularities of T.

We begin by discussing the relation T(s8) = <c,(Is-A)—lb> for
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Re s > vy, (where y is large enough) in more detail, and drawing some
conclusions from it. Since A here is a bounded operator the point
at infinity is in the resolvent set of A, denoted p(A). We denote
by po(A) the connected component of p(A) containing the point at
infinity, by 0(A) the spectrum of A and by OO(A) the complement

in C (the complex plane) of po(A). The function <c,(Is-A)—1b> is
obviously analytic for |[s| > ||A]] and thus for Re s > [|a]|. But T
is of exponential order, say ]T(t)[ s Mecot, and so T is analytic
for Re s > 9, (and also for Isl > 00), (see [20] p. 95). Since

T(t) = <c,eAtb> we see that o, ¢ ||A]|. So from the equation

T(s) = <c,(Is-A) 'b> valid for Re s > ||A|| we deduce by analytic

continuation that T is analytic for all s ¢ po(A). If we let

o(T) = {s e C |T is not analytic at s}
we deduce that for any bounded realization [A,b,c] of T we must have
o(T) € o (A)

This relation will be referred in the sequel as the ''spectral inclusion

1/2 ¢ can obviously be

property.'" For example the function T(t) = e
realized by the unilateral shift as above. Then for A being the

unilateral shift we have O(A) = PUT (i.e. the closed disk). But

w 2P
T has just a pole at s = %-. Consider now T(t) = Z L . Then
n 1
~ © on
we know that T(s) = X s has‘nT as its natural boundary ([191]).
n=0

Obviously we can realize T using the construction of Theorems 1 or 2

of section 2.2 with any k > 1.
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Realizations using infinitesimal generator A whose spectral
properties reflect as close as possible the properties of the
singularities of E are important (see sec. 1.2). We will study this
problem in the next chapter in some detail, and we will exhibit

there a class of transfer functions for which this can be achieved.

Remark 1: The realization constructed in Theorems 1 and 2 of
section 2.2 uses the operator kU, where U is the unilateral shift
on 22(]Z+). The spectrum of kU is the closed disk of radius k, and
hence its resolvent set i1s connected. The value of k we used is big
enough so that the singularities of T are included in the disk of
radius k. In other words we used an operator with spectrum large enough
to include all the singularities of §. It is therefore of interest to
know how small k can be taken for a given realizable weighting pattern T.
It follows from a theorem in Widder [20], page 95, that if o, is the
exponential order (exponential type in Widder's terminology) of the
entire function T then T will be analytic for ls| > 0, and will vanish
at infinity, and conversely. Hence k in Theorems 1 and 2 of section 2.2
must satisfy k > O,

The connectedness of the resolvent set of the infinitesimal
generator A has important implications as far as the relationship
to frequency response methods for system identification is concerned.
The values of T for s purely imaginary are often emperically determined.
by letting u(t) = sin wt and looking at the periodic solution which
results. If the periodic component of the response is M(w) sin(wtt+é(w))

then
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f(iw) = Mei¢(m)

However, it the domain of analyticity of % is such that the entire
imaginary axis does not belong to a single component then there is
no way that experimental data taken in different components can be
pieced together and we must regard the system as consisting of several
unrelated parts.

We close this section by showing how representation theorems
from classical function theory can be employed to construct bounded
realizations.

For any entire function T of exponential order we have the Pélya
representation which is given by the following theorem.

Theorem 1 ([25] p. 74): Let C be any contour containing the

conjugate indicator diagram CT of T, and let T be its Laplace transform.
Then

T(t) = (2n1)’1f T(s)e %ds
C

As follows from the discussion in section 2.2 and from Remark 1
above we can take always as C the circle |s| = p provided p > Oy

where LA is the exponential order (type) of T. Let'-ﬂ-'p denote this

cycle and consider Lz(rﬂk; g%-). Then from the above formula we have
2T i6 -
T(t) = f ePe tpeieT(peie) %%

0

Obviously, if h(pele) = peiei(peie), we have that h ¢ Lg('IL; %% ),

and the operator
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CL2e7 . 98y, 20m . 6
A:L (1rp, 5 ) L (1Fp, o )

¢9)
i6 A ib i0
glpe”) —> pe glpe )

is bounded. Hence by taking A as above, b = h, ¢ = d, where d(pele) =1,

2 dé
and K =1 (qu, > ) we have

T(t) = <d,eth>

and hence we have constructed a bounded realization for f. We also
note that for A as in (1) we have 0(A) ='1rp.

As we mentioned in section 2.2 an important case is when CT becomes
a line segment. Hence if we can shrink the contour in the Pglya Trepre—
sentation so that it coincides with CT we will get a representation for
the function as an integral over a line segment. The most elegant and
generally useful such case is whenever T belongs to L2 on the real axis
and is given by the Paley-Wiener Theorem (see Boas [25]p. 103):

"The entire function T is of exponential order (type) 9, and belongs

to L2 on the real axis if and only if

1 (%  iwt
T(t) = e J e ¢(iw)dw
-0
e}

2_ ,_C_I_(Bu
where ¢ € L°([: 100,100], o )

Here ¢ is the Fourier transform of T (see gsec. 1.3), and we have also that
the conjugate indicator diagram of T is the segment [-ioo,iool (see [25],
p. 108).

. . . dw _ -
Hence if we let # to be Lz([—ico,lool, 5o ), b=0¢, ¢ = d, where



H]

d(iw)

,

Lz({—ico,iool S o

and hence a bounded realization for T. Moreover for this realization

o(a) = [—ioo,ioo] which 1s the smallest compact convex set which con-
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1 for iw ¢ [—ioo,ico], and A be multiplication by iw on

) we get from the above

T(t) = <d,e’tp>

tains the singularities of T.

We summarize these results in the following table.

Fig. 2.

Illustrating the relation

between the conjugate indicator

diagram C,, of A, for the realization
obtained using Palya's repres. theorem

P@Q / !

Fig. 3.

Representation
theorem from Class of Bounded Spectrum Has A
classical weighting | realization of A connected
function patterns on ¥ resolvent?
theory
X dé
Pélya gntlrzrder L2(rEb’ 2m ) 1P NO
xp- where p>0 e
entire Lo ([-i0 ,ioc ]; 29) [-io ,ic ]=
exp. order 2 o’ o’ 21 o’ o
Paley-Wiener L2 on the where 00 is = CT YES
real axis the exp. order
w
6
M) C.-6(A) Lo
T
T >
~16,

Illustrating the relation

between the conjugate indicator dia-

Wiener theorem.

gram C,, and the spectrum of A, for
the realization obtained using Paley-




- 33 -

2.4 Examples of Systems with Strongly Continuous State Transition
Operators

In this section we give examples of systems where the state transition
operators form a Co semigroup of bounded linear operators on a Hilbert
space . X (see sec. 1.3).

The examples 1,2 of section 2.1 are relevant here as well (before
we apply semi-discretization of course).

Example 1 ([26] p. 3-5): Consider a continuous heating furnace.

The control variable is the temperature of the heating medium u(t,z);
0<z<L,0<t<T. The material, which is to be heated, is moving
with velocity v(t). We let x(t,z) represent the temperature distribution
of the material, and we assume that the material is thin enough in the

transverse direction. Then the heat transfer is described by the equations:

b 25_(_;_2_21 + bv 3’-‘-%——21 + x(t,z) = u(t,z) (1)

with the boundary condition x(t,0) = f(t). Here b(t,z) is a function
describing the thermophysical properties of the material, namely it gives
the time constant associated with heating a thin layer of the material

at time t, when placed at the position given by z in the furnace. Usually
then one measures the temperature of the material at the exit of the

furnace:

y(t) = x(t,L) (2)

and this gives the output of the system. To simplify matters we assume

that v(t) = v, b(z,t) = b(z) and u(t,z) = g(z)£(t), £(t) = 0. This type



- 3 -

of control is actually close to practical situations, where the method
of heating is such that the spatial dependence of the temperature dis-
tribution of the heating medium in the furnace is fixed (known apriori
from the geometry of the device) while the time dependence consists of
variation of the amplitude according to the controls.

Then (1), (2) give the system

5% x(t,z) + v Sg-X(t,z) + g%;j-x(t,z) = %%f% g(t)

(3)
y(t) = x(t,L); x(t,0) =0

Where x(t,*) and Eg'x(t,-) belong to LZ(O,L); g/b and 3%'(g/b) also

ol

are elements of L2(0,L). It is easy to see that the operator A = v-g% +
with domain &O(A) ={h I3 LZ[O,L] such that —3% h exists and belongs to
LZ[O,L] and h(0) = 0}, generates a Co semigroup on L2[O,L] ([1] p. 630).
Moreover if we define ¢ on éao(A) to be just evaluation at L we have
obviously y(t) = c[x(t,z)]. It is quite reasomable to assume that g(0) = 0
(since we have already assumed that x(t,0) = 0) and it is then easy to
verify that the realization [A,g/b, c] is a balanced realization (see
Sec. 1.2).

Example 2: Many systems (including the equations for probability

distributions in stochastic systems) are governed by parabolic equations

of the form

2 %(6,2) = Ax(t,2) + b(2)u(t)

(4)

y(t) = f c(z)x(t,z)dz
Q
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where

L

A= .X. T2 (aij(z) =) (5)
i,j i j
a ,
2 2
and z .(g)& E. 2 a(E +...+E ); a> 0 E E‘Rq almost everywhere
i, j=1

in @, which is an open bounded subset in R™. Moreover aij are continuous,

with continuous partial derivatives of first order in Q. For the
definition of weak partial derivatives we refer to [18] p. 11. Then
usually x(t,*) belongs to H2,2( Q2).(This Sobolev space consists of

the elements of Lz(Q) which have weak partial derivatives of order «2
also in Ly (9}, is endowed with the usual Sobolev norm ([18] p. 14)
and 1s a Hilbert space) . x(-,2z) belongs to LZ[O,T]. The initial
condition x(0,z) = ong) is given in 2, while we have to satisfy certain
boundary conditions on I = 3Q which is assumed to be of class C2.

In the most general situation the inputs (or controls) can be
applied through the boundary conditions as well, and through a bounded
operator B mapping the space of controls % which is a Hilbert space,
into HZ’Z(Q). However here we restrict for simplicity to the case of
one dimensional controller and so B takes the form of an element b of
2 2(82), as in equation (4) above. Similar remarks are valid for the
observation process, and here again we assume distributed observation
(some sort of weighted observation through the spatial domain) which is
given via a linear bounded functional on HZ’Z(Q).

It is standard in the theory of partial differential equations
[18] that A in (5) with domain.35 (A) = H (Q)f1 H (Q) generates

2,1

a Co semigroup. (Here Ho’ (Q) denotes the subspace of Hz’l(Q) consisting
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of functions with compact support in Q). In fact eAt in this case is
an analytic semigroup (see sec. 1.3 and [18] p. 101). For more general
evolution equations of the parabolic type which lead to Co semigroups
we refer to [18] and [27].
Example 3: Another important class of systems are those governed
by hyperbolic equations of the form
2

2 x(t,2) = Ax(t,2) + b(@u(t)

ot (6)

y(t) = f c(z)x(t,z)dz
19}

where A and b are as in equations (4), (5) above, x(t,*) belongs to
HZ’Z(Q), x(-,z) and 5% x(-,z) belong to L2[O,T]. The initial conditions
x(0,2z) and 5% x(0,z) are given in . Similar remarks as before (Example 2)
are valid about controls and observations. In this case the evolution
operators form a group (see sec. 1.3). Many physical phenomena can be
described by equations similar to (6) (e.g. small elastic deformations,
wave propagation, electromagnetic systems). For more general evolution
equations of the hyperbolic type which give rise to Co semigroups we refer

to [27].

Example 4: 1In this example we describe a class of systems governed
by functional differential equations of the retarded type. Since we want
to have a Hilbert space as state space we follow [29], [30] instead of the
standard approach described in [28]. Here Mz([—r,O]; ﬁkn) denotes the

Hilbert space obtained as the quotient of the space of measurable and



- 37 -

square integrable functions
h: [-r,0] » R

by its linear subspace consisting of all elements for which the

semi-norm
2 0 2...1/2
[In]] 5 = (|n()|” + |h(t) | “de)
M -r
vanishes, ACZ([-r,O];fRn) denotes the Hilbert space of absolutely
continuous functions with square integrable derivatives
h: [-r,0] + R n

with the norm
2 0 dh (2, .1/2
[al] 5 = (Ino)|* + j 158 [“ae)
AC -r

Moreover let Lzloc([o,w); IR“) denote the Fréchet space [21] of R "_valued
measurable functions on [0,®) which are square integrable on every compact
subset of [0,»), and Acfoc([o,w);m“) denote the Frechet space of all
absolutely continuous W-n—-valued functions on [0,») with derivatives in

2

n
Lloc([O,w);[R ). Let 61,...,9N be reals and -r = By < oev < 6, < 6, = 0.

Consider the hereditary differential system

%% (t) = L(x(t)) + bu(t) for t € [0,]
y(t) = <c,x(t)>pn )
and x(t) = ¢(t) for t € [-r,0].

where
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N x(t+ei), t:+6i 20 N
i=1

L(x(t)) = A x(t) + ] A
$(t+0,), t+6, < 0

0 x(t+0), t+6 > 0O
+ [ K(8) dé
-r ¢(t+8), t+6 < O

x € ACS_([0,);R™, we Ll [0,%), ¢ ¢ M{l-r,01;R™), &_,A, are
nxn matrices and K(8) is an nxn matrix with elements in Lw(—r,O) and
b, c ¢ m.“.
Under these assumptions it is shown in [29], [30], that the system
(7) can be described by an evolution equation in Mz([-r,O];U{n). The

state of the system is defined as follows:

x(t+0), t + 630
®(t) (6) ={ (8)
¢(t+68), t + 6<0

for 6 € [-r,0] and t € [0,»)
Then the map t -+ X(t) generates a Co semigroup S(t) of bounded operators
on M2([—r,0];ﬁ{n) with the following properties [29]:
(Pl) t > S(t) h is continuous for all h ¢ Mz([—r,O];“{n)
(P2) S(0) =1
(P3) For t 3 r, S(t) is compact

(Pé) The operator A defined by
N 0
Ah() = ) A,h(® )+J K(B)h(8)d® for 6 =0
[} i=1 i i7 )

(Ah) (8) = N 4
g% (6) otherwise
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is the infinitesimal generator for the semigroup S(t) and has domain
&, = Ac’([-1,01;B™). If we let now b, & € M2([-r,01;R™) be
defined as

{b if8=0

0 otherwise

c if 6 =0
c(8) =
0 otherwise

we can write actually the system (7) in the form

-d—’;‘%tl = AX(t) + I:u(t)

(10)
y(t) = <&,%(t)>
¥2([-r,0]; R ™)

and X(0) = ¢
Since obviously systems involving delays are included in this class,
this is a very important class of systems with strongly continuous state

transition operators.

2.5 Balanced and Regular Realizations and their Equivalence

In case of a regular realization b € # and ¢ is a bounded linear

functional on 5. Then the observation procedure (i.e. y(t) = c[x(t)])
is somehow restricted since we cannot have point evaluations, or point
evaluations of derivatives as c(*)., Moreover since b is just an element

of # we can regard in general the equation

22 x(t) = Ax(t) + bu(t) (D
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only in the weak sense. On the other hand in a regular realization
the properties of b and ¢ are symmetric, a fact which has some implications
on the desired duality in systems theory.

In case of a balanced realization b & &SO(A) and ¢ is a linear

functional defined on o (&) and such that lex)| < k(| |ax]||+]]x|])
for all x € % o(A) and some constant k. Here we can regard equation (1)
in the strong sense. Moreover we can allow point evaluations, or point

2
evaluations of derivatives as c(-); (for example with A being —3——2- on

L2[0,°°) and c(*) being 3—2- (-)]o, or with A being -3—2 on LZ[O,m)aznd
c being evaluation at 0). However in this case ¢ and b do not have
symmetric properties.

Remark 1: If c is a closed linear functional on # with 30(“) S% (c)
then c satisfies the conditions stated above in the case of a balanced
realization. To see this we have that % o(A) with the norm ||x| |1 =
HAx! |+]|]x|| becomes a Banach space since A is closed. Then the restriction

of ¢ to %O(A) is a closed linear operator, defined everywhere and hence

by the closed graph theorem is bounded. Hence 9 k such that

le@) | < k| [x||; = k(] |ax[] + |]x]])

N
for all x S%O(A).

The following Theorem proves that in our setting (more specifically
when the state space is a Hilbert space) the class of weighting patterns
which admit balanced realizations is identical with the class of weighting
patterns which admit regular realizations.

Theorem 1: A weighting pattern T{:) has a balanced realization
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if and only if it has a regular one. Moreover the infinitesimal
generators in the two cases can be taken to be the same.

Proof: Suppose T(*) has a regular realization. Thenzsrcl, b1
elements of 5, and a linear operator A generating a Co semigroup eAt
on 4 such that

At
T(t) = <cl,e b1>

By the Hille-Yosida theorem there exist a positive real number B such
that for every real A > 8, )X is in the resolvent set of A. Pick such
ali>1. Then ()\I-A)-l is an everywhere defined bounded operator,

since A is closed (see [21] p. 209). Let

b = (AI-A)“lbl

Then b € &f o(A) and b1 = (AI-A)b. Hence

T(t) = <c.,e (A I-A)b> = <c1,(AI-A)eAtb>

1!

Define the linear functional c(°) via

c(x) = <c1,(AI-A)x> for x ¢ 55°(A)

Then [e(x)| < |[ey[| [1Ax-ax[| & [{e) || [x][+]]ax[]> < Alle; |1 (| lax|[+[1x|])
Therefore T(t) = c[eAtb] and this is a balanced realization.

Conversely, assume that T(<) has a balanced realization. Then 53
A, b, c as in the definition of a balanced realization so that T(t)=c[eAtb].

Consider’gao(A) with the inner product <x,y>, = <Ax,Ay> + <x,y> for

A

X, ¥y € §5°(A). This inner product induces the nomm ||x||, = (|[Ax||2+||x||2)1/2.

Since A is closed gZO(A) is complete under the norm [|‘|]A and hence it is
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is a Hilbert space with the inner product (.,.)A. For x 6%°(A)

we have

1/2

e | < k(] [ax] [+]]x] D) € 2c(] x| | %] [x] [DY2 = 2] |x] ],

So ¢(+) is a bounded linear functional on the Hilbert space %O(A)
(with the above inner product). Hence by the Riesz representation

theorem there exists d ¢ % o(A) such that

o(x) = <d,x> for all x ¢ %O(A).

A
Hence T(t) = <Ad, AeTb> + <d,elth>.

Since the space we are working with is a Hilbert space, A* generates
also a Co semigroup which is exactly (eAt)*. Hence if we pick a real
A >B8 (B from the Hille-Yosida theorem) then both ()\I—A)-‘1 and ()\I-A*)_l
are everywhere defined bounded operators.

We have then
T(t) = <Ad, (A-AI)e2Tb>4r<Ad, el to>4<d, A th>
= <Ad, Mt (A-AI)b>+<AAd+d, P th>

If we let (A-AI)b = b, €¢#, then b = (A—)\I)-lbl. Therefore

1
T(t) = <Ad,eAtbl>+<AAd+d,eAt(A—AI)-lbl>
- <Ad+(A*-ZI)—1(AAd+d),eAtb1>

= Ad+(A*-A1) " L(AAd+d), then

A
A >

Let c1

T(t) = <c1

and obviously[A, bl’ cl] is a regular realization for T(*).
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The last statement in the theorem is obvious from the above con-
struction.

This theorem motivates the following definition.

Definition: A weighting pattern T(*) is realizable iff it has a
balanced realization.

In the next section we will make full use of the above theorem in
our effort to characterize the class of realizable weighting patterns.
In some cases it will be easier to construct balanced realizations, in
other regular ones. It is this theorem which will make possible a more
detailed study of this clasg, and it is the non-existence of such a
theorem which obstructed previous efforts on this problem (see for
example [31]).

2.6 On the Class of Realizable Weighting Patterns

We give first a preliminary description of the realizable weighting
patterns.

Theorem 1: A necessary condition for T to be realizable is to be
continuous and of exponential order. A sufficient condition is that it
be locally absolutely continuous (i.e. absolutely continuous, on each
bounded closed interval) and that T(.) (which then exists as an a.e.
defined function) be of exponential order (i.e. ess. sup [%(t)] £ Keoct
for some positive K, o).

Proof: (Necessity) Since T has a balanced realization, and hence
by Theorem 1 of section 2.5 it has a regular one, T = <c,eAtb>. Since

At | . .
e is strongly continuous we get that T is continuous. Since
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g

l]eAt| t by the Hille-Yosida Theorem we get that T is of

| € Me
exponential order.

(Sufficiency): Let T be as in the hypothesis. Then for large enough

o, e—cti(t) € LZ(O,w). Hence the function e_UtT(t) is in Lz(ﬂ,w),

it is locally absolutely continuous and its derivative belongs to
L2[O,W). Take as b the function e_GtT(t), and as Hilbert space the
space LZ(O,m). The differentiation operator A = 5% on L2(O,w) is a
closed operator with domain dense, generates the semigroup of left trans-
lations (restricted to [0,®) of course) and its spectrum is the closed
left half plane (i.e. o(A) = {s eC IRe s € 0}) (see [18]). 1Its

domain consists of elements of Lz(o,w) which are locally absolutely
continuous and their derivatives belong also to L2(0,w). Consider as

¢ the linear functional whose action on a function f is described by
c[f] = £(0) (i.e. evaluation at 0)

Then ¢ is defined on &SO(A). Moreover for x € %O(A) we have:

le@)|2 = [x(0)]? gf 2|x(2)| |5(2) | dz
0

< jw !x(z)'zdz + fm]i(z)lzdz
0 0

So ]c(x)] < (IIAx’|+le'|). Hence b, ¢ satisfy our requirements. Now

c[eAtb] = c[e“0<t+z)T(t+z)] = e-ctT(t) and therefore T(t) = c[e(A+OI)t

b]
and this is a balanced realization.

From the equation T(t) = <c,eAtb> we get via Laplace transform

the equation
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E(s) = <c,(Is—A)_1b> for Re s > B

where the B comes from the Hille-Yosida Theorem.

The corresponding (to Theorem 1) conditions in the complex
domain are described below.

Theorem 2: A necessary condition for T to be realizable is
that its Laplace transform T belongs to HZ(H:)f\ Hm(H:) for some
p > 0. A sufficient condition is that E € HZ(H:) and (SE-T(O)) £ HZ(H;)
for some p > 0.

Proof: This is an immediate consequence of Theorem 1, the Paley-
Wiener Theorem [7] and the Hille-Yosida Theorem.

Example: The delayed step whose transform is e-s/s is not realizable.
whereas the delayed ramp e_s/s2 is realizable.

Remark 1l: Suppose T is continuous and of exponential order.

Let b ¢ L2(O,W) be the function e-OtT(t) where 0 is large enough. Let

2_A
" a2 ~ot At
operator. Then by Theorem 9.9 in [19] we have e = T(t) = lim<ck,e b> =
A0
(A+oI)tb>.

) £ Lz(O,w) be the function cA(z) = and A be the differentiation

lim e-c(t+z)T(t+z)cA(z)dz. Hence T(t) = lim<c
A0 ‘0 A0

T(*) is the pointwise limit of a one parameter family of realizable

)€ Therefore

functions.

In order to give some better sufficient conditions for realizability
we need the following well-known result [22] from the theory of Hp(H+)
functions: If F ¢ Hp(H+) 1 < p < o, then it is represented by the
proper Cauchy integral of its boundary values. That is for Re s > 0

we have the representation

1 [ Ptiw) L.
F(s) = oy f_im 29 q40)
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Theorem 3: Let T € Lz(O,w) and continuous. If %(iw) = Fl(iw)Fz(iw),

where F F2 belong to H2 (][), then T is realizable.

1’
Proof: Certainly T(iw) e L (]:, 7 ). Hence since T ¢ L2(0,w)

we have that

1
o

-CO

T(t) = f(im)eiwtdw a.e.

But since both sides are continuous the equality holds everywhere.

2m
if we take as Hilbert space Hz(j[), as b the function Fz, as ¢ the

So T(t) = 1 fm Fl(iw) eithz(iw)dw. But this equality says that
00

function F1 and as A the operator induced on Hz(ﬂ:) by multiplication

by iw followed by restriction on Hz(]:) we have

T(t) = <c,eAtb>

(where the inner product is that of L (I )). Hence [A,b,c] is

* om
a regular realization for T, and by Theorem 1 of section 2.5 T is
realizable.

Let us note that since the Fourier transform is a unitary map
between LZ(O,w) and Hz(]:), and multiplication by eiwt on HZ(I)
followed by projection on Hz(]f), corresponds to left translation on

LZ(O,W) restricted on LZ(O,m), we can give also a realization of T in

LZ(O,w) by the left translation semigroup. Indeed if we let
o0 -1 -1
£, =% TTF), £, =F ThE,)
and eAt = left translation semigroup restricted to L2(O,m) we have

Atf >. Moreover we can give a realization in terms of the

T(t) = <fl,e 2
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right translation semigroup on LZ(O,m) since we have also

A*tf N

T(t) = <f2,e 1

with A, f f2 as above. (Note that L2(O,w) is invariant under right

1’
translations).
Note: If T satisfies the conditions of Theorem 3, then by the

~ +
Paley-Wiener Theorem T ¢ HZ(H ). Hence

"F(s) " r ':f'(iw)d(im) =_ir F,(iw)F,(iw)d

2mi s-iw 2m s-iw

and we could have used this approach in the proof.

Corollary 3.1: Suppose T is continuous and of exponential

order. If for some o the function Tl(t) = e-atT(t) satisfies the
conditions of Theorem 3 then T is realizable.

Proof: Of course if o is bigger than the exponential order of
T then e_atT(t) belongs to LZ(O,w). So we really have to check for

the factorization only. Now, if T, satisfies Theorem 3 then Tl(t) =

1

<c,eAtb>. So T(t) = <c,e(A+aI)tb>.

Remark 2: The conditions of Corollary 3.1 are weaker than those
of Theorem 1. To see this observe first of all that continuity is
required in both. Theorem 1 implies that for large enough ¢ the function
e_ctT(t) = Tl(t) belongs to LZ(O,W), is locally absolutely continuous
and its derivative belongs to L2(O,m). Hence %l(iw) and iw%l(im) belong

~
to HZ(H,) by the Paley-Wiener Theorem. But (1—iw)T1(im) = G(iw) also

G(iw) and since

2 N _ 1
belongs to H(I[). Hence Tl(lw) = G(iw) = 1+io

1-iw
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i:%& belongs to Hz(ﬂ:) we see that T satisfies the conditions of
Corollary 3.1 (that T(0) may be nonzero is immaterial).
We give another sufficient condition for realizability.
Theorem 4: I1f T ¢ LZ(O,m) is continuous and T ¢ Hl(H+) then T
is realizable.

Proof: Since T is continuous, belongs to LZ(O,w) and E(iw) €

L (I ——-) we have that
T@) = == | Tiw)el®tdw
2m oo

+
the equality holding everywhere. We know that F ¢ HI(H ) if and only if

F = F.F, where F F2 € HZ(H+) (see [7]) p. 134). Hence 3 F3, F € H (H )

1 2 1’

so that T(im) = F3(iw)F2(im) = Fl(iw)Fz(iw) where F, = F3 € H (m

1

Hence

T(t) = 2—11 r"‘““Fl(iw‘)' eithz(im)dw

So by taking as Hilbert space &# the space L (I ), as A multiplication

> Zﬂ

by iw, as c¢ the function F1 and as b the function F2, we get

T(t) = <c,eAtb>

and T is realizable.

Again using Fourier transforms we can give in the above case a
realization of T on L2(-w,m) using the left translation semigroup or
the right translation semigroup.

Corollary 4.1: Let T be continuous and of exponential order. If

for some 0, T € Hl(H;), then T is realizable.
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Proof: By taking & big enough, then, we can have the function
e_OtT(t) to satisfy the conditions of Theorem 4.

This last Theorem indicates some other classes of realizable
functions. We need first a standard definition for fractional derivatives
in the L2—sense, or equivalently for the Sobolev spaces of fractional
order.

Definition: Let 0 < Yy < 1. Then F ¢ LZ(O,w) has an Ly-derivative
of fractional order y if and only if d ce L2 (0,*) such that

Y

sYF(s) = é(s), where we always choose the branch of s' so that

Re(sY) > 0 for Re s > 0. The space of all those F is usually denoted
by Hi. (§,5 are the Laplace transforms of F,G).

Corollary 4.2: If T is continuous and belongs to Hi for %-< Yy €1

then T is realizable.

Proof: We have that T(s) and syf(s) = G(s) ¢ H2(H+). Hence

%(s) = $ G(s). Since for'% <y €1 and for all o > 0 we have trivially
s
1 2, + ~ 1.+
that ——-——7-5 H™(Il') we get finally that for all o > 0, T € H (Meed

(star)
and the result follows from Corollary 4.1.

Finally we have the obvious generalization of Corollary 4.2.
Corollary 4.3: If T is continuous and for some a > 0,

e *tr(ey ¢ 115‘ with

<y €1, then T is realizable.

[

Some concluding comments about our results for the class of
realizable weighting patterns are in order. We saw above that any

realizable T has to be continuous, or if we interpret the integral

t
f T(t-0)u(o) do
0
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in the Lebesgue sense, it has to be equal a.e. to a continuous

function. There are examples of systems for which the weighting pattern
does not have this property. Typical cases are systems governed

by partial differential equations with boundary control and boundary
observation, which are important for practical applications. We

give very briefly a simple but illustrating example.

Consider the following L, C, transmission line equation, where

we normalized L = C = 1:

22 %(t,2) = - 52 p(t,2)

o y(t,2) = - 52 x(t,2)

where x(t,z) denotes the voltage and §(t,z) the current along the line

¥ &,2)

) e, atg |30

[ —

Figure 4: Illustrating a finite length transmission line

Suppose that the line is without load at t = 0, i.e. that
x(0,2z) = 3% x(0,z) = 0, is of length 1, and is resistively terminated
by its characteristic impedance which is 1, i.e. x(t,1) = ¢(t,1). Our

input is the voltage at 0, and the output is the voltage at 1. So

x(t,0) = u(t)

y(t) = x(t,1)
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The input-output relation is then trivially shown to be

t
y(t) = f K(t~0)u(c)do
0

where K is the delayed step function.

K a
1 4
z + > ¢

Figure 5: The delayed unit step function

For such systems we cannot construct models (realizations)
similar to the ones described in the beginning of this section (balanced
or regular).

It seems likely that by considering more general spaces (locally
convex Hausdorf topological vector spaces, or spaces of distributions)

as state spaces, one can develop a realizability theory to include

discontinuous weighting patterns.

2.7 Qualitative Properties of the Spectra of the Infinitesimal

Generators for Balanced Realizations

Suppose that [A,f,g] is a balanced realization for T. Then

by Theorem 1 of section 2.5, we have a regular realization [A,b,c] and

hence we can write

T(s) = <c, (Is-A)"1b>
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for Re s > v where Y is large enough. On the other hand since T

is realizable we know it is of exp. order, say O, Hence T is
analytic in Re s > O,° Moreover from Theorem 1 of sec. 2.5 we have
that 00 € B and by the Hille-Yosida Theorem the function <c,(Is—A)-lb>
is analytic in Re s > B. Let po(A) be the connected component of p(A)
which contains the half-plane Re s > B. Then by analytic continuation
we see that ? is analytic for all s € po(A). So again (as in the
bounded case) we arrive at the conclusion, that for any realization

[A,b,c] of T we must have again the "spectral inclusion property"

e Y= o, (A)

where UO(A) is the complement of po(A) in d:.

For reasons similar to the ones discussed in section 2.3 for
bounded realizations, a very significant property of an A realizing
a weighting pattern T, is to have connected resolvent set.

Remark 1: The realization constructed in Theorem 4 of sec. 2.6,
has as infinitesimal generator the differentiation operator on L2(-W,w),
whose spectrum is just the imaginary axis. So in this model we do not
have connected resolvent set. On the other hand in the realization of
Theorem 3 of sec. 2.6, we do have connected resolvent set, but instead
the spectrum becomes very large (in fact it becomes the closed left
half-plane).

Remark 2: We see from the spectral inclusion property and from

the Hille Yosida-Theorem that the singularities of §, for any realizable
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T, are in some left half-plane. In most of our constructions we
used operators with spectrum large enough (in fact with spectrum
some left half-plane) to include the singularities of a large class
of realizable functions.

A deeper study of the relation between the singularities of %
and the spectra of the infinitesimal generators which realize it
will be given in section 6 of chapter III. However the results in
this case (i.e. when A is unbounded) are less general and more of a
special character than the corresponding ones for bounded realizations.
This is due mainly to the fact that when A is bounded eAt is an

analytic (in t) group of bounded transformations, while for A unbounded

eAt can be analytic (for t in a sector) but not a group (c.f. diffusion

processes), or a group but not analytic (c.f. the evolution operators in
the wave equation). These restrictions on A have obvious reflections on
its spectral properties. Namely when A generates an analytic semigroup
(see sec. 1.3) its spectrum is contained in a sector g-+6$ arg s € 2%--6,
6 > 0, of the complex plane [18], and when A generates a group (see sec. 1.3)
its spectrum is contained in a strip -0 € Re s < o, o > 0, of the complex
plane [21]. On the other hand a realization [A,b,c] with A having any of
the above properties, has additional physical properties. For example
when A generates a group this implies that the system is time reversible.
In sec. 3.1 (see Fig. 7) we will discuss other implications. Now it

is obvious that if such an A realizes T, the spectral properties of A

will give some more information about T. For example if A generates an

analytic semigroup, T will be analytic in a sector -a < arg t < a and of
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exponential order in this sector, and then results from classical
function theory about this class of functions can be probably used to
produce realizations (see sec. 2.3 where similar ideas were developed
for bounded realizationms).

So it appears that in this case a more effective study of the
relation between o(i) and 0(A) can be done under additional assumptions

on A (or equivalently on T).

2.8 Universal Models

We saw in the constructions of sections 2.2 and 2.6 that certain
operators can realize a very large class of realizable weighting
patterns. Namely in the case of bounded realizations any realizable
weighting pattern can be realized by a multiple of the unilateral shift
on 22(Z+), and in the case of balanced realizations a very large class
can be realized by the differentiation operator plus a multiple of the
identity on LZ(O,w).

This fact is not a mere coincidence and is rather strongly suggested
by certain general results in operator theory and in the theory of semi-
groups of bounded operators.

Now the scalar multiple (in the case of the unilateral shift) and
the addition of a multiple of the identity (in the case of the differ-
entiation operator) have no essential significance as far as realization
theory is concerned. Hence we can say that the unilateral shift and
the differentiation operator are universal models for the infinitesimal
transition operators in the case of bounded and balanced realizations

respectively.
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The purpose of this section is to relate these facts to similar
ones in operator theory. G.C. Rota [9] was the first to notice that
the unilateral shift can be thought as a universal model for contractions
(bounded operators of norm less than one) on Hilbert spaces, and hence
for bounded operators modulo a scaling factor. We give a very brief
discussion of this fact following [40]. Let s be a Hilbert space and
A a contraction on ¢ such that AN 0. We let D .4 denote the operator

A
1/2

(I-AA%) . SZA* denote the closure of DA*J%’ and 22(22+; Q%*) the

Hilbert space of sequences X = {xn}g with x € QDA* and
2 2 2 2 * 112
[T |1” = 2lIx |17 <= . since ||x|]” = [|D,x]|" + ||a™]||", and
©0
therefore ||x||2 =] |]DA*A*jx[|2 we can embed in 22(22+; D, %) via
0

the mapping

£ o > (25 3
* %9
x> A= {D,x, D,#A x,D,sA x, ...}

Denoting by U the unilateral shift

U

{xo,x N {O,xo,x ..}

10 1

on 22(22+;$2A*) we see that A* is unit. equiv. to U* restricted on

'é(J%? (the image of under'ﬁ ). Now obviously'i (A) is invariant

under U in £2(22+; Q%*) and we conclude that A is unitarily equivalent

to the restriction of the right shift (on 22(22+§ Q%*)) on a left trans-
lation invariant subspace of 22 (Z+; @A*) (namely €(#°)). Let N be a

Hilbert space and consideé_;he unilateral shift U on 22C2i+;N). The dimension

of N is usually called the multiplicity of the unilateral shift U on
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22(22+;N). Here Q%* can be finite or infinite dimensional

and hence in general the unilateral shift of infinite multiplicity

is the universal model for bounded operators. It is in this sense
that the universality of the shift in operator theory must be under-
stood. This simple fact was the beginning of a systematic study

of contractions (and generally bounded operators) on Hilbert spaces by
many authors (Halmos [10], Helson [8], L. DeBranges [41], Ronvyak [40],
Sz-Nagy - C. Foias [11]) and lead to a complete study which is pre-
sented in the book by Sz-Nagy and C. Foias, "Harmonic Analysis of
Operators in Hilbert Spaces," [11].

In the case of balanced realizations the universal model is the
differentiation operator which generates the translation semigroup
(left or right is immaterial). The corresponding theorem in the
theory of semigroups of bounded operators is given in Lax and Phillips
[39] p. 67 and states: "A strongly continuous semigroup of contractions
on H# , which is asymptotically stable (i.e. eAtx +>0as t +oo for
all x in &) can be represented isometrically as the left translation
semigroup on an appropriate left translation invariant subspace of
Lz(O,m;N) where N is some auxiliary Hilbert space. Obviously a similar

eAt[[ < M, and

result holds when the semigroup is equibounded, i.e. |]
asymptotically stable, with the difference that the representation is
not isometric. The requirement that the semigroup be asymptotically
stable, is not restrictive since for any Co—semigroup [[eAtll £ MeBt
and hence by multiplication by an appropriate exponential we can make

any semigroup asymptotically stable (the same reasoning was used above,
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when we called the differentiation operator the universal model).

There is however a difference between these analogies when A is
bounded and when A is unbounded. When A is bounded (bounded realizations)
the unilateral shift of multiplicity one is an actual universal model
(realizes every realizable weighting pattern modulo a scalar factor).
When A is unbounded (balanced realizations) however we were not able
to show (c.f. section 2.6) that the differentiation operator on LZ(O,w)
(modulo an additive multiple of the identity) realizes any realizable
weighting pattern. We did show that it realizes a very large class of
realizable weighting patterns. Using the above stated result from

Lax and Phillips it is very easy to see that any realizable weighting

pattern, does have a realization via the translation semigroup (modulo

an unimportant exponential factor) but on LZ(O,W;N); where N may be an
infinite dimensional Hilbert space. It is in this sense that the univer-
sality of the translation semigroup must be understood. The difference
of course is, that in the bounded case we were able to prove that it
suffices to take the corresponding N to be one dimensional, whereas in
the unbounded case this does not appear to be true. Certainly, a very
interesting question which we were not able to answer is the following:
What are the relations between the dimension of N, needed in the realization
of a weighting pattern T via the translation semigroup on LZ(O,w;N), and T
itself?

When we study finite dimensional realizations only, it is quite
obvious that there are no universal models. The existence of universal

models is rather strongly related to the infinite dimensionality of the
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state space for the systems considered here.

These models can be used effectively to construct realizations
with special properties as we will see in chapter I1I. They also can
be employed to answer several questions about physical properties
of the systems under consideration. An example of the latter is
given in Lax and Phillips', "Scattering Theory,'" where the so called

translation representation is used to study quite effectively several

questions about physical phenomena described by the wave equation.
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CHAPTER III

CONTROLLABILITY, OBSERVABILITY AND CANONICAL REALIZATIONS

3.1 Summary of Controllability and Observability Theory for Infinite

Dimensional Systems

Here we give a brief review of the development of the theory of
controllability and observability for linear infinite dimensional systems.
We assume the state space to be a Hilbert space, but all the results can
be stated immediately for reflexive Banach spaces and with a little care
about adjoints to non-reflexive Banach spaces. The systems under consider-
ation are described by the usual equations:

-4

It x(t) = Ax(t) + Bu(t)

)
y(t) = Cx(t)

where the notation is as in sec. 1.2.
We denote by Rt the subspace of J# which consists of elements

that can actually be reached from the zero state in time t. In other

words
R = {x e # s.t. 3 u(:) € I.S. and
t A(t-0)
X = J e Bu(o)do}
0
Obviously Rt C Rt for tl=E t, and we let R = U R, .
1 2 t>0

Definition: A realization (I) is controllable whenever R is dense

in 57,
Remark 1: Here we do not require that we can actually reach every
state from the zero statein finite time, as we do in the finite dimensional

case. Instead we require that we can actually reach (from the zero state)
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infinite time some state in every neighborhood of any state. In case of
one dimensional controls the requirement that we can reach in finite time
every state implies finite dimensional state space (see [32]).

We recall that if eAt is a Co-semigroup on a Hilbert space #,

At * | At

then (e ) 1is also. The infinitesimal generator of (e )* is A* [24].

Theorem 1 (Fattorini): (I) is controllable if and only if

*

N ker(s*e™ ©) = {0}.
t30

Proof: Fattorini [4] p. 393.

We give a more geometric form to Theorem 1. For this we need
the following definitions.

Definition: Let F : #+3# be a bounded operator and MCH

a subspace (not necessarily closed). We say that M is a cyclic subspace
(o]

of F if the span V Fn(M) is dense in &#. When M is one-dimensional,
n=0
say is spanned by the vector g, g is called a cyclic vector of the

operator F.

Definition: Let eAt be a Co-semigroup on S with generator A.

A subspace M&€# 1is a cyclic subspace of the semigroup eAt if the span

\' eAt(M) is dense in H#. Whenever M is one-dimensional, say generated
t20

by the vector g, g is called a cyclic vector of the semigroup eAt

Remark 2: When A is bounded a subspace M € # is a cyclic subspace
of A if and only if it is a cyclic subspace of eAt.
Using the above terminology we have

Corollary 1.1: (I) is controllable if and only if R(B) (the range

of B) is a cyclic subspace of the semigroup eAt
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Corollary 1.2: Suppose A is bounded, and we have one dimensional

controls (i.e. Bu(t) = bu(t), where b € #). Then (L) is controllable
if and only if b is a cyclic vector of A.

It is well known that when A, B are finite dimensional, (I) is
controllable if and only if rank(An-lB,...,AB,B) = n, where n is the
dimension of # . Hence the above conditions are generalizations of this
condition.

Theorem 2 (Fattorini) [39]): (I) is controllable if and only if

* * -
Ker B (D -A ) 1. {0} for all X ¢ po(A), (po(A) is defined in sec. 2.7).
Proof: Apply Laplace transform to Theorem 1.

Corollary 2.1: (I) is controllable if and only if R(B) is a

cyclic subspace of (IA-A)_1 for some X € po(A).

Remark 3: There are several other notions related to controllability.
We give a very brief discussion here and refer the reader to [35], [36],
for details. We denote by Ct the subspace of # which consists of the
states we can drive to the zero state in time t. Let C = LJOCt.

In the finite dimensional case the chart in Figure 6tindicates that all
conditions are equivalent for (). This is mainly due to the fact that in
this case eAt is an analytic group of bounded operators.

In the present case however this chart is false. For example for a
system governed by the wave equation (sec. 2.1, example 1) with boundary and
distributed control, or with boundary control only the condition R =
can be true, while the conditionit =, ¥t, is false (see [37]). For

a system governed by the diffusion equation (sec. 2.1, example 2) the

condition'Et =5/, for some t (or E'=¢%f) can be true, while the condition
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R =R <& >
~ e
/\
/N
R, =¥
for some t
C, =K
for some t
V
— N,
c =X -~ >
<& ~

Figure 6: Equivalence of various controllability conditions for

finite dimensional systems.
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it =, for some t (resp. R = ¢ ) are false (see [28]). The chart

in Figure 7 indicates that under additional assumptions about the
state-transition operators {eAt}, some of the conditions are
equivalent.

We come now to the discussion of observability.

Definition: Two states X1 X, are indistinguishable if whenever

2

we start from Xy OT X, the outputs of the system are identical, no

matter what input is used.

Definition: (Z) is observable whenever there is no pair of in-
distinguishable states. When C is a bounded linear operator we have
the following criteria for observability which are the duals of the
criteria for controllability.

N At

Theorem 3: (I) is observable if and only if ker(ce” ") = {0}.

t30

*
Corollary 3.1: (IZ) is observable if and only if R(C ) is a

*
cyclic subspace of the semigroup eA t.

Corollary 3.2: When A is bounded and Cx(t) = <c,x(t)>, ¢c € K,

*
(L) is observable if and only if ¢ is a cyclic vector of A .

Theorem 4: (I) is observable if and only if ker C(I)\—A)_1 = {0}
for all A ¢ po(A).

*
Corollary 4.1: () is observable if and only if R(C ) is a cyclic

* - *
subspace of (IA-A ) 1 for some A € po(A ).
Comments similar to the ones in Remark 3 above are relevant here

as well.
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Figure 7: Relations between the properties of the state transition
operators and the various controllability conditions for
infinite dimensional systems.
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Definition: A balanced realization is observable if and only if
X € Q%(A) and C[eAtx] = 0 for t > 0, imply x = O,

Remark 4: This definition implies that any two states that can
be reached exactly are distinguishable. It is motivated by Theorem 3
and the discussion above.

For the rest of this chapter we will assume one dimensional

inputs and outputs.

3.2 Canonical Realizations

It is obvious that if a weighting pattern has one realization it
has many. If a weighting pattern T has a finite dimensional realization,
then it also has a realization whose state space has minimal dimension;
such a realization is called minimal. Minimal realizations are desirable
for many reasons, but mainly because they give the simplest internal
models for a given external description (input-output map). The dimension
of the state space provides a very good measure of the simplicity of a
realization for the finite dimensional case. However in our case since
we have infinite dimensional spaces the dimension of the state space is
not useful as a measure of simplicity.

Definition: A realization is canonical whenever is controllable and
observable (according to the definitions given in sec. 3.1).

We avoid the term minimal because many of the implications of this
term are absent in the present setting.

As is well known (see [2], pages 105-115) a finite dimensional system

is minimal if and only if it is controllable and observable (canonical).
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Moreover any two minimal realizations differ by a change of basis in
the state space and the spectral properties of A in any minimal
realization are uniquely determined by the weighting pattern. Namely
let T = q/p where p, q polynomials with no common factor. The
eigenvalues of A (i.e. 0(A)) in any minimal realization are exactly

the set O(T) multiplicities counted, or equivalently they are the
zeros of p multiplicities counted, and p is the minimal polynomial

of A. Here the situation is much more complicated. It happens that

a canonical realization is much more loosely specified by the weighting

pattern.

3.3 Canonical Bounded Realizations and the Hardy Class on Disks

In this section we study canonical realizations for the class
of weighting patterns described in sec. 2.2. According to sec. 2
and 1 of this chapter a bounded realization [A,b,c] is canonical whenever
b is a cyclic vector for A, and ¢ is a cyclic vector for A*. The first
question which arises naturally is: If a weighting pattern T has a
bounded realization does it have a bounded canonical one?

The following theorem gives a construction of a canonical bounded
realization starting from a given one.

Theorem 1: Let T(t) = <c,eAtb>. Let M be the closure of the linear
span of ¢, A*c, A*Zc,..., in o (a sep. Hilbert space.) Let PM be the
orthogonal projection on M. Then (i) T(t) = <c,ePMAPMtPMb>.

i
Let now N be the closure of the linear span of PMb,...,(PMAPM) PMb,...
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in M and let Py be the orthogonal projection on N. Then (ii)

(P AP )t
T(t) = <PNc,e AR

PMb>. Moreover N is the closure of the linear
span of PMP,...,(PNAPN)iPMb... and the closure of the linear span
of PNc,...(PNAPN)*iPNc; i.e.[PNAPN, PMb’PNélis a canonical realization
of T with state space N.

Proof: It is obvious that M is the smallest closed subspace of H#
which contains ¢ and is invariant under A*, Hence MJ' is invariant

1
under A. Hence A(I—PM)xeM s ¥Vx e . So PMA(I-PM)x =0, ¥x e H.

Hence
PyA = P AP (1)
Using (1) we get (PMAPM)iPMb = PMAib.
P t
Hence <c,e MAPM PMb> = <c,PMeAtb> = <c,eAtb>

proves (i). Similarly N is the smallest closed subspace of M which

= T(t) and this

contains PMb and is invariant under PMAPM. Then for every x&x ,

(I—PN)PMAPMPNX = 0, So

PAPy = PP Pfn = PPy = PPy (2

Using (1), (2) we obtain
63 )ip = P_AP_ (P AP )i'lp b = P_AP_ P AP (P.AP )i"zp b =
NPy Py WAy (PyAPy M PN APy PPy M
i-2 2 i-2 _ i -
= P)AP AP (PLAP) ™ P b = PLA"PL(PLAP )T PLb = PLA PPy

= PMAiPMb = (PMAPM)iPMb (3)

So

(PNAPN)t (PNAPN)t (PMAPN)t

<PNc,e PMb> = <c,PNe PMp> = <c,e PMP> =

= <c,PMeAtb> = <c,eAtb> = T(t).
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and this proves (ii).

From (2) we get

e eap) P e = P aMe %)

The first agssertion in the last statement is proved, by (3) i.e.
by the fact that (PNAPﬁfPMb = (PMAPM)iPMb, for all 1. The second is
an easy consequence of (4) and of the cyclicity of c for A%,

Let us focus our study to weighting patterns T which are realizable
by the unilateral shift itself (i.e. we can take k = 1 in the construction
of Theorems 1 or 2 of sec. 2.2, or equivalently that %-%(%) € Hz(ﬁ))).

In this way the identification of the important issues becomes very
simple. This does not diminish the generality of the discussion in
any essential way, since we can reduce the general case by a simple

change of variable, to the above case. Indeed if we define

o

~ a . ~

Tk(s) = Z ~% s_(1+l) = kT(ks) =é£’[T(§)], (where 16 denotes Laplace
i=0 k&

transform), then Tk satisfies the above for some finite k > O.

Some important questions, which arise naturally are the following.
It is obvious that the realization given by Theorem 1 and 2 of sec. 2.2
is controllable. Also we know that the spectrum of the unilateral shift
is the closed unit disk. Given a weighting pattern T, how simple can
the spectrum of the infinitesimal generator A of a realization be? How
small can the spectrum be? If we take a canonical realization [A,b,c]
is the spectrum of A uniquely determined by T? How all canonical realiza-
tions of a given T are related to each other? When can we make the re-

solvent set of the infinitesimal generator A connected?
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An immediate observation, which gives, however, some indication
of the interplay of the notions described in these questions is the
following: We can realize any such T by the bilateral shift. Such
a realization is obviously non-canonical. On the other hand since the
spectrum of the bilateral shift is justqr, the spectrum can be con-
sidered as simple. However the resolvent set is not connected.

Given a weighting pattern T we have the 'shift realization' as

described in Theorems 1 and 2 of sec. 2.2.

?1% x(t) = Ux(t) + bu(t) }

(5)
y(t) = <c,x(t)>

where x(t) € 22(233 for all t, b = {1,0,0,...}, U is the unilateral
shift and ¢ = {T(O),T(l)(O),T(Z)(O),...}. Here b is obviously a
cyclic vector for U. It is immediately seen as a consequence of
Theorem 1 above, that if we let M be the closed linear span of
c,U*c,...,U%c, ... and P, the projection on M, then [PMUPM,PMb,é] is
a canonical realization of T, with state space M. We can write the
'shift realization' in terms of HZ functions as follows:

d
TS x(t,s) = sx(t,s) + u(t)

d (6)

y(t) = f sT(s)x(t,s)du(s)
T

2 (Hz(ﬂ)) or HZ(TF)). (Compare with [17] where

where x(t,*) € H
similar equations are used.) Under the isomorphism between 22(2 +)

and Hz(m) ¢ corresponds to é-f(%) which equals with sT(s) on T



- 70 -

(since T has real Taylor coefficients). U corresponds to multiplication

by s, U* corresponds to the mapping: f(s)i> fiﬁlifﬁgl on HZ(E>).

2

We usually denote Hz(D) or Hz(ﬂP) simply by H®.

We need a few well-known facts from the theory of Hz functions
and Toeplitz operators. The reader is referred to [7], [8], and
{10] for further details. A non constant function f € Hz(ﬂ7) is
called inner if ’f(eie)l = 1 a.e. A function f ¢ Hz(ﬂ?) is called
outer if it is a cyclic vector for the shift in HZ(D). (i.e. the

linear span of the functions f, sf, szf,... is dense in HZ(ID)).

A Blaschke product is a function of the form

© a,—s a
Bs) = ¢ M . (7
j=1 l—ajs Ij'

where k is nonnegative integer and aj are complex numbers (not

oo
necessarily distinct) such that 0 < Iajl <1, z (l-lajl) < o,

j=1
A singular function is a function of the form
eie+s
S(s) = exp(- f 15 ) (8)
e -

T

where | is any positive finite measure on [0,2n] which 1is singular
with respect to the normalized Lebesgue measure. Every f ¢ Hz(aJ)

has a factorization f = ¢.h where ¢ is inner and h is outer. The
factors are unique up to constant factors of modulus one. Any inner
function has a factorization ¢ = cBS, where ¢ is a constant of

modulus one, B is a Blachke product, and S is a singular function. An

inner function is normalized if we choose ¢ = 1, or equivalently if we
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require the first nonzero Taylor coefficient to be real and positive.
Beurling showed that to every closed subspace M of Hz(ﬂ)) which is
invariant under the shift (i.e. under multiplication by s) there
corresponds a unique normalized inner function ¢ such that M = ¢H2(H))
and conversely. We have also the corresponding facts for HZ(WP).

A Laurent operator on 22(21) has a matrix representative which

is constant on diagonals (i.e. a,, = ai—j) and corresponds to multipli-
o0

ij
® i

cation by ¢ € L (T') on Lz(qr),where ¢ (s) iZ-wais and a; ai+k,k'

A Toeplitz operator A, on 22(2Z+) has a similar matrix representative

which is infinite in one only direction and if P : L2(1F) - Hz(ﬂF) is

the associated orthogonal projection, we have

Af = P(¢-£), ¥ f e HA(T)

The only way the 'shift realization' can be canonical is if ¢ is
a cyclic vector for U*, (i.e. for the backward shift) or equivalently
if %-f(%) is a cyclic vector for the backward shift on Hz(ﬂ)). In
[5] the authors studied cyclic vectors of the backward shift very
extensively. We are going to use some of their results and we refer
to [5] for further details. In the rest of this section and the
two subsequent sections when we say cyclic (or cyclic vector), non-
cyclic (or non-cyclic vector), we always mean for the backward shift
on Hz. There exist many cyclic vectors for the backward shift on Hz(ﬂ)),
as well as non-cyclic ones. The rational functions are non-cyclic. The

2

authors give several ways of constructing cyclic vectors. Any H

function with isolated branch points on T is a cyclic vector and also
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any function with lacunary Taylor series and square summable Taylor
coefficients is also a cyclic vector.

Since f(8) € Hz(ﬁ>) is a cyclic vector for the backward shift
if and only if sf(s) is one, we have two cases to consider. Namely
the case when E(%) is a cyclic vector for the backward shift and the
case when 5(&) is non-cyclic.

Also from [5] we have that the set of cyclic vectors is dense in
HZ(W) as is the set of non-cyclic vectors. However the. set of non-
cyclic vectors is a set of the first category, whereas the set of cyclic
vectors is not. Hence the non-cyclic vectors are somehow much more rare
than the cylic ones. Moreover an element of Hz(ﬁ)) is non-cyclic if
and only if there exist a sequence of rational functions (satisfving
special conditions see [5] Theorem 4.1.1) which converges to it in the
Lz(ﬁF) norm. A fact which indicates that the non-cyclic case is very
much like the rational functions whereas the cyclic situation is new,
harder, and potentially more interesting.

We return now to the study of the class of weighting patterns which
admit bounded realizations. We describe a partition of this class which
is induced by the cyclicity or non-cyclicity of the weighting pattern,
in a sense that will be made precise in the sequel.

Recall from section 2.3, that for any function in our class we
have the P6lya representation

T(t) = (2ﬂi)_1f E(S)etsds (9)
c

where we can take as C any cycle of radius k > 0y with 9, being the
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exponential order of T. 1In sec. 2.3 we used this representation to

obtain a realization on Lz('ﬂ;; g% ). Here we show how it can be

employed to reconstruct the realizations given in Theorems 1 and 2

of sec. 2.2, now considered on HZOﬁ') or Hz([)). We take A to be the
operator of multiplication by ks restricted on Hz, as b the function
which is identically equal to 1 on DUT , and as ¢ the function
JIEk. Where

1

3 (e 2Ty (10)

o=

~ def 1
AT () 5 2T
So we have the generalization of equations (6) above

=2 x(t,8) = ks x(t,8) + u(®)

(11)
y(t) = [ sik(S)X(t,s)du(e)
T

It is trivial to verify that the equation for the weighting pattern of
the system described by (11) is given by (9). Since h ¢ H2 is a
cyclic vector for U* (the backward shift) on H2 if and only if it is
a cyclic vector for kU* (for any real finite k) we conclude that the
realization described by (8) is canonical if and only if ész is a
cyclic vector for the backward shift.

We know (see [20] p. 95) that the radius of convergence for the
Laurent series of T is co. Hence the radius of convergence for the
Taylor series of éZ%k is EE » which is >1 unless we can take k = o,
in (11) above. Let now Q be the subset of the boundedly realizable
transfer functions, for elements of which the set of reals k, such

that ézik is in Hz(ﬂ)) is open (i.e. k > 00 in (11) above, as well as in
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Theorems 1 and 2 of sec. 2.2). Let G be the complement of Q in the

set of boundedly realizable transfer functions (i.e. for elements of

G we can have k = 00 in (11)). Now theorem 2.2.4 in [5] states:

"If £ is holomorphic in Isl < R for some R > 1, the f is either

cyclic (for the backward shift) or a rational function." An immediate
consequence of this is that for elements of Q, ézik (from (10)) is

either cyclic or a rational function for any admissible k. Then

for elements of G é{ik is either cyclic or non-cyclic but not a
rational function; indeed if éz%k is rational for some k, then obviously

~

éZTG is rational and since it has poles on ‘T it cannot belong to HZ(W )
whicﬁ is a contradiction. In fact only ézio can by non-cyclic.

The motivation which leads us to the foilowing definitions will
become clear in sections 3.4 and 3.5.

Definition: 'An entire function T, of exponential order, say 0y
with non-rational Laplace-transform is irreducible if, either
g'fc ¢ Hz(ﬁ)), or j'i“c € H2(ﬂ2) and is a cyclic vector for the back-
wardoshift. °

Definition: An entire function T, of exponential order, say Go,
is reducible if, either it has rational Laplace-transform, or
éz%o E HZ(ID) and is not a cyclic vector for the backward shift.

oSimilarly we call the Laplace transform T of a reducible (resp.
irreducible) weighting pattern T, a reducible (resp. irredicuble) transfer
function.

Summarizing we have the following partition of the set of

boundedly realizable transfer functions, as shown in the picture:
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the set of \aou.ncieo\w

// vealizable

tvransfer fumctions

cible

Figure 8: Illustrating a partition of the set of
boundediy'realizable transfer functions

The interesting subclasses for us are of course the reducible but
nonrational transfer functions and the irreducible transfer functions

and they will be examined separately in the following two sections.

3.4 Reducible Weighting Patterns and S-Minimal Bounded Realizations

Let a weighting pattern T be reducible, according to the definitions
at the end of the previous section but with non-rational Laplace transform.
Consider the realization given in (11) of sec. 3.3 (or in Theorems 1 and
2 of sec. 2.2) for T. TFor k # oo’ézik ((10) of sec. 3.3) is a cyclic
vector for the backward shift and so this realization is canonical. How-
ever since the spectrum of the infinitesimal generator is m’k U T1k and

0(T) may be just a countable set in ﬂ)k U'Iﬂk, this realization hardly



- 76 -

~
reflects the properties of the singularities of T. For k = g ,
o

~

éZTo is not a cyclic vector for the backward shift and so the
realization given in (11) of sec. 3.3 is not canonical. Hence there

is room for improvement, using the reduction described in Theorem 1

of sec. 3.3. We will show that this process leads to a canonical
realization with an infinitesimal generator whose spectral properties
reflect as close as close as possible the properties of o(i). More-
over we will find many similarities between the class of transfer
functions considered in this section and the rational transfer functions.

To simplify our discussion let us take for the moment o, = 1.

1

So we have a T of exp. order 1 and such that-g %6%) is not a cyclic

vector for the backward shift.
To proceed we need the following theorem from [5] p. 56.
Theorem 1 ([5]): f € H2(E)) is non-cyclic if and only if there

-ieg(eie)¢(eiﬁ)

exists g € HZ(ID) and an inner function ¢ such that f(eie) = e
a.e. on’]j. Moreover if we require that ¢ be normalized and relatively
prime to the inner factor of g, then ¢ and g are uniquely determined. In
this case the closed subspace generated by U*nf, n=20,,..» is precisely
@H3 (D)

The normalized inner function ¢ thus uniquely associated with
each non-cyclic (for the backward shift) vector f is called the associated

inner function of f.

We see immediately that the subspace M of 22(22+) which is the

state space for the canonical realization [PM ve, PMb,q] derived from
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the shift realization using Theorem 1 of 3.3 corresponds to the closed
2 *n 1 1, >
subspace of H° generated by {U n.g TC;)}n=O which we call also M.

Hence applying Theorem 1 we get that

M= (ondyt

e) = i(eie) a.e. on T (since ’I‘(eie

where ¢(e*%)g(e!?) = F(e™t )
has real Fourier coefficients), and ¢ and g are uniquely determined
by Theorem 1.

We need another theorem now from [6].

Theorem 2 ([6]): Let K = ¢H2 (i.e. K is a closed subspace of

H2 invariant under the shift U). Let M = (¢H2)i. Then the spectrum

of U restricted on M is the set s¢ which consists of

i) all the points in € with IAI < 1, where ¢(A) = 0

ii) all the points in € with IAI = 1, where ¢ is not
continuable analytically across the boundary T of Dat 2.

Using Theorems 1, 2 we see that the spectrum of the infinitesimal
generator of the canonical realization [PM U Py, PMb,q] is_uniquely
determined by T. Namely the spectrum consists of the zeros of ¢ in D

(which coincide with the zeros of the Blaschke product part of ¢)

and the points of T through which ¢ is not continuable analytically
outside the unit circle (which coincide with the union of the support

of the measure on'iﬂ,which is associated with the singular part of ¢,
and the set of points of T' which are accumulation points of the sequence

of zeros of ¢. (See [7] p. 68-69)).
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We have thus proved the following theorem.
Theorem 3: Let T be a given reducible weighting pattern of
exp. order 1. Then there exist a canonical realization of T with
the spectrum of the infinitesimal generator of the realization being
exactly s¢, where ¢ is the associated inner function of %-T(%). This
realization is constructed, by taking as state space the subspace of
2 2.4 1x~1
H'y M = (¢H") , as c the function ;-T(;), as b the projection of 1

on M (i.e. 1-$(0)¢) and as A the restriction of the forward shift on

M (i.e. PM U PM).

> = ~-i6
When <% is not equal to 1, then we factor JZTOO as éZTco(e ) =
1 i6
5 &le)
i6 if ~ io (o]
gle" )d(e ), or T(Ooe ) = ST since ¢ is inner. Now we let
b))
™ ™ . . 1 s ~ _ (5
TO and T1 be the functions To(s) = 5 g(oo), Ti(s) = ¢(Oo). Then for

every reducible weighting pattern with non-rational Laplace transform
we have the factorization

ot if
i6 T (ooe

) = 10

%(Ooe —
Ti(coe )

a.e. on']["0 (the circle of radius 00). We call Ti the associated
o) ~
inner factor of T.

We have now the following obvious corollaries of Theorems 2 and

Corollary 2.1: Any reducible transfer function has a uniquely

]

defined factorization T = +2 on the circle of convergence of its
T

e
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Laurent series, where Oofo(cos) and Ti(oos) are the uniquely determined

factors of éZic given in Theorem 1 above.
o
Corollary 3.1: Any reducible weighting pattern has a canonical

realization with the spectrum of the infinitesimal generator being
the union of the set of zeros of ii in ﬂ>c and of the set of points
of ’Hﬁo through which Ei cannot be continﬁed analytically. This
realizazion is constructed by taking as state space M = (¢H2)J', as
A the restriction of OOU (where U is the forward shift) on M, as b
the projection of 1 on M (i.e. 1-¢(0)¢) and as ¢ the function ézic 5
where ¢ is the associated inner function of ézio . °

An important case for practical applications is when T has
a meromorphic continuation in E%; (for the definition of a meromorphic
function in an open subset S2 ofOQ: see [19] p. 260). To simplify
the discussion take again oo = 1. Then E(s) = %%2% in E). Since g,
¢ are analytic on D and ¢ 1s relatively prime to the inner factor of
g, it follows that the singularities of T in E>, are exactly the zeros
of ¢ in D » (with the same multiplicity as well). On the other hand
ie;

-{06~ = 4 - -
since e ieT(e ie) £ (¢H2(1T)) and e ~ T(e ie) is a non-cyclic vector

for the backward shift by assumption, we know ([5], p. 58-59, corollaries
3.1.8 and 3.1.10) that the set of points of T, through which ¢ is
analytically continuable coincides with the set of points of T , through
which-% %(%) is analytically comtinuable. Hence the set of points of T,
through which ¢ is analytically continuable coincides with the set of
points of T through which f(%) is analytically continuable, which is

the same as the set of points of 'T', through which T is analytically
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continuable (in the reverse direction). So in this case we arrive
at the conclusion that the spectrum of PMUPM’ (of Theorem 3) consists
of the set of points of D which are singularities of T and of points
of T through which E cannot be continued analytically. Obviously

the last set is what we have defined as o(T). Hence we obtain
o(T) = o(P,UP,)

When Go is not 1, the same result holds for the A given in
Corollary 3.1 above.

We see that in the above case the 'spectral inclusion property"
becomes in fact an equality, i.e. the spectrum of the infinitesimal
generator of the realization described in Theorem 3 becomes '"minimal’.
This motivates the following definition:

Definition: A canonical realization [A,b,c] of a weighting
pattern T is called S-minimal (S from spectrum) if o(A) = U(E)
(multiplicities counted whenever possible).

We have thus proved the following:

Corollary 3.2: Any reducible transfer function f, which is meromorphic

in an open disk, has an S-minimal realization, with A having connected
resolvent seﬁ. This realization is given by Corollary 3.1.

This last case 1is very similar to the rational case. Compare our
results described in Cor. 2.1, Cor. 3.1, and Cor. 3.2 above with the
brief review of the theory for rational transfer functions in sec. 3.2.
We can establish another similarity using the functional calculus for

contractions described in [11]. Following [1l] a contraction A on a
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Hilbert space <# is completely non unitary (c.n.u.) if for no non-

zero reducing subspace L of A, is the restriction of A to L a unitary
[ <]

operator. Given v ¢ Hm(ﬂr) we have v(s) = Z cksk, ls! < 1 and we let
k=0
T kk
v.(s) = ) qrs,0<r<i, |s| < 1. For a contraction A on H we
k=0
denote by HZ the set of v € H  for which lim vr(A) exists in the

r+1-0

strong sense, and for v ¢ H: we define

v(A) = s-1lim vr(A)
r>1-

Q©

Whenever A is c.n.u. H: =H .,

A c.n.u. contraction A, such that there exist a nonzero function

vV € Hm, with v(A) = 0, is called a 60 contraction. For every contraction

A of class Co there exists a minimal function m,, in the sense that

for every v € Hm, v # 0, such that v(A) = 0, then v is a multiple of m, .

Moreover m, is an inner function and is determined up to a constant
of modulus 1.

Let s be the set consisting of the zeros of m, in D, and of the
A

complement ian', of the union of the arcs of’]r on which m, is analytic.

Then

g(A) = s
A

The operator PMUPM of Theorem 3 is of class C0 and its minimal

function is m, gp = ¢, where ¢ is the associated inner function of
MM

1x~,1
So the associated inner factor of a reducible transfer function

is the minimal function of the infinitesimal generator of the canonical
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realization described in Cor. 3.1. Moreover when the transfer function

is meromorphic in an open disk, the role of this factor in the realization
problem resembles that played by the demominator of a rational transfer
function.

The similarity between operators of class Co and finite dimensional
matrices is further exploited in [15], [16].

We do not have a complete picture for the relation between
canonical (resp. S-minimal) realizations of the same weighting pattern T,
in the case considered here. It is clear however that we need more
assumptions to establish anything like the state space isomorphism
theorem of the finite dimensional theory (see sec. 3.2). An easy
counterexample* is provided by the realization given in Cor. 3.1 above
and any of the realizations of equation (11) of sec. 3.3 with k # Oy
(for the same T of course). They are both canonical but obviously the

corresponding infinitesimal generators are not similar.

3.5 Irreducible Weighting Patterns

This case, is very interesting since it reflects a number of
physically interesting phenomena; e.g. transfer functions with branch
points and branch cuts. Transfer functions like these arise in systems
governed by partial differential equations. Hence an understanding of

this case should undoubtedly shed some light towards the realization

*
This counterexample was communicated to the author of this thesis by

Dr. P.A. Fuhrmann.
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problem for distributed systems.

The situation here is more difficult, since the associated
inner factor of % which proves so crucial in the case of a reducible
transfer function is now trivial. That is, the 'shift realization'
and more generally all the realizations based on equation (11) of
sec. 3.3 (or Theorems 1 and 2 of sec. 2.2) for irreducible transfer
functions are already canonical. However the spectrum of the infinitesimal
generators of these realizations is far from being equal to 0(5),
unless we have a pathological transfer function with branch points on
a dense subset of'ﬂ'0 . Hence canonical by no means imply S-minimal.

o
It is apparent from the "spectral inclusion property' that all the

points on the branch cuts (if the transfer function has branch points)
are included in the spectrum of any infinitesimal generator A with
connected resolvent set which realizes the transfer function. However

we have not uniquely defined branch cuts. Hence the set G(E) is not

uniquely determined and consequently there is not a unique 'minimal

spectrum’ for the infinitesimal generators of the realizations. A
reasonable expectation is that the spectrum of an S-minimal realization
(provided there exists one) will be unique if there are no branch points
and otherwise will be unique modulo the branch cuts.

The question we want to answer here is: Can irreducible weighting
patterns have S-minimal realizations?

To this end we give an example of a realization for the Bessel function

of zeroth order'ffo which is S-minimal. It is easy to verify that
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o m 2m
(o - ] CRIA20

3 satisfies our realizability criteria
m=0 (n!)

n
and that it is realized by the shift itself. Now :L(s) = 3
i s +1

has branch points on *1i, hence 50 is a cyclic vector. Therefore f7 o
is an irreducible weighting pattern. We must take the branch cut in
the finite plane (Th. 2 and Remark 3 of sec. 2.2). We are after a
canonical realization whose infinitesimal generator has spectrum
exactly the line between i and -i. Recalling that exp(% (s- %)t) is
a generating function for the Bessel functions of integral order, i.e.

that

el/2(s—l/s)t - E Dg‘t)sn

n=--00

and using Laurent operators we see that for

£ -1
. O _1
1 s
A= 2 1 0 -1.

. ’u - - g" ' ﬂ
Jw JTo T o o
At _ . Jo Jo T . .
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Hence the above A along withb = ¢ =[...00 100 ...] give a
realization for 50, in RZ(Z). That the spectrum of A is exactly
{i,-1], is a well known fact from [10]. However this realization is
not canonical (it is easy to verify that the vector [...0010100...]

is orthogonal to Ai'b for all i), We are going to use Theorem 1 of

sec. 3.3 to reduce the above realization to a canonical one. So let

M be the closed linear span of ¢, A*c, A*zc,... in 2,2(2). Then M is
A% invariant. But since A* = ~A it is also A invariant, i.e. M reduces
A. Since b = ¢, we get by Theorem 1 sec. 3.3 that Al = A restricted to
M, b, ¢ is a realization of go which is obviously canonical. Let

A € p(A). Then AI-A has a bounded inverse. But since M reduces A,

AI—A1 has also a bounded inverse. Hence

JOIIN ¢}

Therefore P(Al) is connected. Using the spectral inclusion property,

~
the fact that o (A) =d’(d°) and (1) we have

~

o(4) S o(a) S o) = o(d) (2)

So

~N
G(Al) = 0(50) and [Al,b,c] is an S-minimal realization.

It is easy to display an infinite matrix for Al. If we denote by e,
the nth basis vector in 5?,2(2.) it is straightforward to verify that

an orthonormal basis for M above, is given by the vectors, Eo = e
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and En =1 (en+(-l)ne_n), n=1,2,.... Evaluating the matrix elements

N

for Al’ with respect to this basis, we find that the realization

[Al,b,c] above is given explicitly by

b=c¢= (1,0,0,0,...)

[ - (3)
0 -2 0 0o ...
1 V2 0 -1 0o ...
Al = -2'-
0 1 0 =1 ..
O 0 1 0 e o0
» © & [ ]
L . () . ® J

This example shows that S-minimal realizations can exist for
irreducible transfer functions as well. It also shows that there
exists no Hilbert space analogue of the finite dimensional state space
isomorphism theorem between two canonical realizations of the same T
(consider the 'shift realization' and the one constructed above,for Sfo)
unless further assumptions are made (see Helton [14]).

Notice also that nearly the same realization will work for the

Fa ™
Bessel function jn’ where yn(s) = 1 ( 1 )n provided we

Vsz+1 s+Vsz+1

keep A, b as above and take ¢ = {...00100...}, with the 1 in the nth

place.
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3.6 Canonical Regular Realizations and the Hardy Class on Half-Planes

In this section we study canonical realizations for the class of
weighting patterns described in sec. 2.6 (for the definitions of
canonical balanced or regular realizations see sec. 3.1 and 3.2).

The following theorem gives a way to obtain a canonical regular
realization for a weighting pattern T, starting from any regular
realization of T.

Note: When L is a closed subspace of & and B a linear operator,
PLB]L denotes the operator 'B restricted on L,' provided it is well
defined.

Theorem 1: Let [A,b,c] be a regular realization of a weighting
pattern T on the Hilbert space . Let M be the closure of the linear

span of the vectors eAtb with t 3 0, and P,, the associated orthogonal

M

projection. Then
i) [PMAIM,b,PMc] is a regular realization of T, with state space M.
A%t

Let now N be the closed linear span in M of the vectors PMe PMc

with t 2 0, and let PN be the associated orthogonal projection (PN:J€’+ N).
Then

ii) [PNAlN,PNb,PMc] is a canonical regular realization of T, with
state space N.

Proof: Obviously M is invariant under eAt for t > 0. Hence

Pye Py = e Py (1)
At =
Let S(t) = PMe !M' Then because of (1) S(tl)s(tz) = S(tl+t2) for

ts t, 3 0. We have also that S(0) = identity on M and that S(t)
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is strongly continuous on M. Hence S(t), t2 0, is a Co—semigroup
on M. By the definition of the infinitesimal generator of a CJ
semigroup (see sec. 1.3) and (1) it is clear that the infinitesimal

generator of S(t) is the operator PMAIM = AIM, which has domain dense

o (Pralp)t

in M. Then we write in standard notation S(t) = Now

P Al
w b> = <¢,P At = <c,eAtb> = T(t)

<PMC’ e M

Since M, S are Hilbert spaces we have that

*
Aty ko, A%t (A [t

ONENGEL AR ¥

*
is also a Cy-semigroup on M with infinitesimal generator PMA IM‘

*
Obviously N is invariant under PMeA th for t 3 0 and so
A*t Akt
PyPve Iy = Py Iy
or
_ A*t, A*t
Sl(t) = PNe 'N = PMe IN (2)

Based on (2) we prove as above that Sl(t) is a Cg-semigroup on N, with

infinitesimal generator thT operator PNA*IN. We write again in standard
* (P A*| )t
notation PNeA th =e ¥ ™ We have also that

Pe P =P e P (3)

*
Hence PNeAtlN = (Sl(t)) is a Co—semigroup on N with infinitesimal

generator P LAl . Tow

(PNA'N)tP A

t
> < =
. Pyc, Pye P b>

<PMc, e

At At
=<PMc, PNe PMp> = <c,e b> = T(t)
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(Al )t
e

*
A ty

Moreover if x € N and <PMc,

follows using (2) that <P, e Mc,x> =0 fort 30, and sox = 0

M
Pyt
by the definition of N. If now x € N and <e PNb,x> = () for

all t > 0, then it follows from (3) that <PNeAtPMb,x> = <e®p, x> = 0

for t 2 0, and s0o x = 0 by the definition of M. This proves ii).

x> = 0 for all t 3 0, then it

We can now use this Theorem and Theorem 1 of sec. 2.5. to produce
a canonical balanced realization starting from a given balanced
realization. First we show that if the regular realization in Theorem 1
of sec. 2.5 is canonical, then the balanced one is canonical too. The
balanced realization [A,b,c] is given by b = (XI—A)—lbl, c(x) = <c1,(AI-A)x>
with A > 1 and in p(A). Suppose x ¢ EQO(A) and c[eAtx] =0 for t 3 0.
Then (cl,eAt(AI—A)x) = 0 for t 3 0 and hence (AI-A)x = 0., This implies
% = 0 since X € p(A). Suppose now <eAtb,x> = 0 for t 2 0. Then
<eAtbl, (AI-A*)_1x> = 0 and so (AI—A*)—lx = 0., This implies x = 0 since
Ae p(A*). Therefore [A,b,c] is canonical.

Hence we have the following:

Corollary 1.1: Given the balanced realization [A,b,c] of T, we

construct the associated regular one [A,bl,cl] (using Theorem 1 of sec. 2.5)
which we reduce according to Theorem 1 of this section to a canonical
regular realization say [F’gl’hl]' Finally we construct (using Theorem 1
of 2.5) the associated balanced realization [F,g,h]. Then [F,g,h] is a

canonical balanced realization of T.

Based on the above we can restrict our study to canonical regular

realizations.
For the rest of this section we restrict to the study of canonical
realizations for the class of weighting patterns described in Theorem 3

of sec. 2.6. Extensions of our results to include the larger class
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described in Cor. 3.1 of 2.6 are easy.

To proceed we need some facts from the theory of H2(H+) functions.
For details we refer to Hoffman [7], Duren [54]. A function & is
inner if it is analytic in " with |#(s)| € 1 for s € H+, while
|6(iw)| = 1 a.e. A function H ¢ HZ(I") is outer if its boundary
value on the imaginary axis, which is an element of HZ(If), is a cyclic

lue on HZ(][) (see

vector for the semigroup of multiplication by e
definitions in sec. 3.1). Equivalently H is outer if its inverse Laplace
transform h, has the property that its right translations form a

dense set in LZ(O,w). A subspace of LZ(O,w) which is invariant under

right translations gets mapped by the Fourier transform to a subspace

-iwt
1t 2 0.

of HZ(I:) which 1s invariant under'multiplication by e

Following Lax [55], we call such a subspace of Hz(ﬁ:) a right translation

invariant subspace. The orthogonal complement of a right translation

invariant subspace is called a left translation invariant subspace and

is invariant under’'multiplication by olut

, £ 2 0,followed by projection

on Hz(]:)ﬁ The inverse Fourier transform of a left translation invariant
subspace is a subspace of Lz(O,ao which is invariant under left translations
followed by restriction to (0,»). Clearly we have corresponding facts

for such subspaces in HZ(H+).

For clarity we use the variable z for complex numbers in [, while

the variable s is used for complex numbers in H+. The map

J’sﬁf—; (4)
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maps D eonto H+. It is well known (see [7], [6]) that the map ¥ defined
by

[¥FI(2) = g(2) = 13 PEE2 (5)

is a unitary map from HZ(H+) onto Hz(ﬂ)). Y restricted to boundary
values is a unitary map of HZ(I ) onto Hz(qr). The inverse of 7 is

given by

[7781(s) = F(s) = o5 & 6)

We will need a few facts from the functional calculus for contractions
developed in [11] (see the end of sec. 3.4) as applied to semigroups
of contractions. Let as usual # denote a Hilbert space and eAt a Co-
semigroup of contractions on &, with generator A. The operator

B = (A«FI)(A—I)'-1 is a contraction called the cogenerator of eAt
(see [11] p. 141). The relation between the semigroup and its co~

generator is the following:

eAt = et(B), t30

(7
B = lim ¢ (e )
0+
A=1+t
where e (A) = exp(t ), t 30, ¢t(l) = it e Using these relations

it is easy to show that a vector be S# 1is a cyclic vector for B if and only if
it is a cyclic vector for eAt (see [32] where a similar result is proved
in the controllability context). Moreover B* is the cogenerator of the

adjoint semigroup (eAt)* and the relations described above are valid

*
if we replace B with B* and eAt by (eAt) (see [11] p. 143).

The semigroup of contractions 'multiplication by e-imt'

on Hz(]l)
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iw-1 4

has as its cogenerator B, the operator 'multiplication by Torl Then
for g € HZ(D) we have
-1

[vBY “gl(z) = zg(z) = [Ugl(2) (8)

Hence B is unitarily equivalent to the forward shift on Hz (T') (denoted
as usual by U). The adjoint semigroup is'multiplication by e:"wt
followed by projection on Hz(l )% and its cogenerator is B* and hence
it is unitarily equivalent to the backward shift on HZ(T). Clearly
Fe HZ(I) is a cyclic vector for B (resp. B%*) on HZ(I) if and only if
Y'F is a cyclic vector for the forward (resp. backward shift) on Hz("l").
Thus we have proved the following:

Lemma 1: A function F € HZ(H+) is outer if and only if
YvF € HZ(D) is outer. A function F ¢ HZ(I) is a cyclic vector
for the semigroup 'multiplication by eiwt followed by projection
on HZ(I)' if and only if ¥ F ¢ HZ(T) is a cyelic vector for the back-
ward shift on HZ(T).

Suppose R is a right translation imvariant subspace in H?'(TT+). Then
using the second of (7) we see that BRC R. Hence UZ”R = 7 BR€ ?R.
So 7 sends right translation invariant subspaces into subspaces of

HZ(ID) invariant under multiplication by z (see [6]). By Beurling's

theorem ¥R = ¢H2(D) where ¢ is inner. Hence R =“V-1¢H2(D) =

¢(§':—,%)H2(H+) = $u2(*). So we have the following:

Theorem 2 ([55]): Every closed subspace R of HZ(I[+) invariant

under 'multiplication by e-St', t 3 0, is of the form @HZ(H+) where & is

inner. ¢ is unique modulo a constant of modulus one. If ¢ is the inner
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function associated to 7R by Beurling's theorem then ¢(s) = ¢(§ii)'
Definition: An inner function ¢ is normalized whenever the
corresponding ¢ on the disk is normalized.

A Blaschke product is a function of the form

2
s-1 k ll—Bnl . s-B

+1 n

n

B(s) = —
1—82 s+ B

where Bl, B%, ... are complex numbers in H different from 1 and such

that I ———— < o,
1+|8n|

A singular function has the form

swti

_ utls du(w))

S(g) = e-psexp(-

" . where M is a finite singular positive measure on the imaginary axis

and p 3 0.

Any element F ¢ HZ(H+) has a factorization F = $.H where ¢ is
inner and H is outer. The factors are unique up to a constant of
modulus one. Moreover it follows from the above discussion and Lemma 1,
that if 7'F = ¢+-h is the factorization of ¥ F ¢ HZ(E)) given by Beurling's
theorem, then &(s) = ¢( ) and H(s) = [ v~ h](s) Every inner function
has a factorization ¢ = cBS where ¢ is a constant of modulus 1, B a
Blaschke product and S a singular function. Moreover if ¢(l§3) = cb(2)§(2)

1+2

is the factorization of the inner function @( ) = $(z) on the disk

(see sec. 3.%) we have S(s) = E( ) and B(s) = b(;;I).
Now using Lemma 1 we can obtain many properties of cyclic or non-

cyclic vectors for the semigroup 'multiplication by eimt followed by
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projection on HZ(I) ', from properties of cyclic or noncyclic vectors

for the backward shift on HZ(T) (see [5]).

For the rest of this section when we say cyclic or noncyclic we

will mean with respect to the semigroup 'multiplication by eimt followed

by projection on HZ(I)’, or equivalently with respect to the semigroup

of left translations restricted on L2(9,°°).
Definition: Let F ¢ H2(I ), eAt denote the semigfoup 'multiplication

by eiwt followed by projection on HZ(I)'. The left translation invariant

subspace generated by F is the closure of the linear span of the vectors
At
e

F, t > 0,in HZ(]I).

Theorem 3: An element F of HZ(I) is a noncyclic vector if and only if
there exist an inner function ? and a function H in HZ(H+) such that
F(iw) = M¢(iw) a.e. on I « Moreover if we choose 9 to be normalized
and relatively prime to the inner factor of H this factorization is unique.
In this case the left translation invariant subspace generated by F is
equal to (et”(I ™.
Proof: By Lemma LFis noncyclic if and only if ¥ F is noncyclic for the

backward shift on HZ(T). The latter can happen if and only if

["VF](eie) = e-ieg(ei )¢(eie) a.e. on 1T (9)

where g € HZ(D) and ¢ is inner on the disk, by Theorem 1 of section 3.4.

Now (9) is equivalent to

2 1+ei 0

F(
1-e10 7 16

) = e 105 (e (el

or
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i6 . ————
FCED = 5 (e 0-1g(e ¢! =
l-e
= 5 -Dee®se!®) = ne®)p!® (10)
where h(eie) = -;'— (eie-l)g(eie) (11)

Let H(s) = h(gi%). Since g € HZ(D) it follows by (6) and (11) that
He HZ(H+). If we let 9(s) = ¢(§ﬁ), then ¢ is inner on the half-

plane. Hence (10) reads

F(iw) = H(iw)®(iw) (12)

a.e. on the imaginary axis.

From (11) it follows that if ¢ is prime to the inner factor of g,
it is also prime to the inner factor of h. Now if ¢ is normalized and
prime to the inner factor of g the factorization in (9) is unique (by
Theorem 1 of sec. 3.4). Hence if & is normalized and prime to the inner
factor of H, then the factorization in (12) is unique. Let M be the left
translation invariant subspace generated by F. By Theorem 2)MJ'= ‘{‘Hz(][)
for some inner function Y. Hence M = (‘I’HZ(I))'L . So to complete the
proof we need to show ¥ = &. By (12) FL4 ¢ HZ(I) and since HZ(I)

is invariant under 'multiplication by e-iwt'

s t 2 0, we obviously have
McC (@HZ(I ))J' . Hence Y divides ¢. Now since F . ‘YHZ(I) we must
have F(iw) = G(iw)¥Y(iw) a.e. on I , where G € HZ(H+). Or equivalently
F(iw) = G' (1w)¥'(iw) where V' is prime to the inner factor of G', and
of course Y¥' divides Y. By uniqueness of (12) in this case we get
¥' = ¢. Hence ¢ divides Y. So ¥ = & and this completes the proof.

Definition: The inner function uniquely associated to every non-

cyclic vector FE HZ(H+) by Theorem 3 is called the associated inner function

of F.
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Remark 1l: It follows from Lemma 1 and the fact that any HZ(W)
function with isolated branch points on T 15 a cyclic vector for
the backward shift on HZ(DZ), that any F € HZ(H+) with isolated branch
points on the imaginary axis is a cyclic vector.

We are ready now to proceed with the study of canonical realizations
for the class of weighting patterns described in Theorem 3. of sec. 2.6.
For the rest of this section we will restrict our study to transfer
functions in this class, unless explicitly stated otherwise.

Let us recall that a transfer function T in this class,belongs to
HZ(H+) and has a factorization i(iw) = ?:?IET Fo(iw) a.e. on the imaginary
axis where Fc’Fo belong to HZ(H+). By eliminating if necessary any
common inner factors between Fc, F° (recall that if & is innerdd = 1
on ]:) we can assume that the inner factors of Fc and F° are relatively
prime.

For any such transfer function we have the 'right translation

realization' which is constructed by considering as Hilbert space J# the
space Hz(][), the semigroup 'multiplication by e-iwt'as eAt, Fc as b and

Fo as c. Using inverse Fourier transform this realization is described

via the semigroup of right translations on LZ(O,w) (see Theorem 3 of 2.6).
Our plan is to apply Theorem 1 to this realization, obtain a canonical

one, and then discuss certain properties of the latter. Recall that
according to the definitions given in sec. 3.1 and 3.2 a regular realization
[A,b,c] is canonical if and only if b is a cyclic vector of the semigroup

*
eAt and c is a cyclic vector of the semigroup eA t. The reducibility of



- 97 -

the 'right translation realization' depends on the character of the
two factors Fc’ Fo and hence on the properties of T itself.
We start with the following preliminary result.
Lemma 2: Suppose E € HZ(H+) and has a factorization i(iw) =
F:?IGTFO(iw) a.e.on the imaginary axis, where Fc, Fo € HZ(H+) and
have no common inner factor. Then T is noncyclic if and only if Fo is.
Proof: Suppose FO is noncyclic. Then by Theorem 3,

Fo(iw) - Ho(iw) ¢o(iw) a.e. on 1:, where Ho £ HZ(H+) and QO is inner.

Hence T = Fc(iw)Ho(iw) Q§iw) a.e. on,I . Since T ¢ HZ(H+) we have
that FCHO € HZ(H+) and therefore by Theorem 3,% is noncyclic.

Suppose now that T s noncyclic. Then by (5) we have

i6 i6
v, 10 2 l+e l+e
(7T Ee™) = 55 Fe €35 %10
-e l-e l-e
i6 i6
~,.10, _4 e 1+e 16_ 10
or [PTNE™) =3 g B (T ) (DI
Hence
rT1(e'®) fe'®rr 1(e™%) - 1rr 1t (13)
Let now
”I/"f = g
%eie[“VFc](eie) = f(eie) (14)

-1 F 1'% = n(e'®

Then g € HZ(D) and by Lemma 1 is a noncyclic vector for the backward

shift; f ¢ HZ(D) and £(0) = 0; h ¢ HZ(D). By Theorem 1 of sec. 3.4
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there exists an element ) £ HZ(D) with g(0) = 0 and an inner function

¢ (on the disk) such that g = EI‘P a.e. on T'. Therefore

g =th =g ¢ (15)
Now ¢f € HZ(D). Let U denote, as usual, the forward shift and U* the

backward shift on HZ(D). Then

<£, U Dh> = <UN¢f,h> =

g

z"¢f hdu(e) = f ;E;Epdu(e) -

i T
= f 2" g, du(e) = <ei“e,§&> = 0; for n=0,1,2,...
T

because El.l. H2(D). Since ¢f L U*Ph, for n=0,1,2,... it follows that
h is noncyeclic. But v € HZ(T) is a noncyclic vector for the backward
shift if and only if eiev is one (see {5] Theorem 2.2.8). We conclude
therefore from the third of (14) that ”VFO is noncyclic. Then by Lemma 1
Fo is noncyclic and this completes the proof.

Since the properties of the 'right translation realization' depend
heavily on E‘ being cyclic or noncyclic, we study these two cases separately,

in the sequel.

1) The Noncyclic Case

Since i is noncyclic it follows from Lemma 2 that Fo is noncyclic.
However Fc can be outer or not.

We study first transfer functions, for which Fc is outer. Then
the 'right translation realization' is controllable. Hence applying
Theorem 1 we get a canonical realization with state space N = left
-iwtl

translation invariant subspace generated by Fo’ in HZ(I ), with PNe N
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At

as e , with Fo as ¢ and P Fc as b. Moreover by Theorem 3 since F°

N
is noncyclic we have that N = (¢0H2(],)YL, where Qo is the associated
inner function of Fo.

We give a simple proof of the following theorem, which connects
the spectrum of the infinitesimal generator of the semigroup PNe_iwtlN
(where N = (@oHZ(I ))l') with the inner function Qo. This is done mainly
to render the exposition self-contained and to describe this relation

precisely in our setting.

Theorem 4 ([39] p. 70): Let N be a left translation invariant subspace

of HZ(I), i.e. N = (@Hz(l )YL for some inner function 9. Consider the

-iwt

semigroup'multiplication by e s restricted on N(i.e. PN
spectrum of its infinitesimal generator is the set é% which consists of

1) all u € € with Re u < 0,such that &(-p) = 0

ii) all y € € with Re i = 0 such that ® cannot be continued
analytically across the imaginary axis at -u.

Proof: We are going to use Theorem 2 of sec. 3.4 and the properties
of the unitary map 7  defined in (5) and (6). Since 7 sends right
translation invariant subspaces into spaces invariant under the forward
shift (which is denoted by U) and is unitary, it sends left translation
invariant subspaces into spaces invariant under the backward shift

(which is denoted by U*). So we have the commuting diagram

wahy —2Z o wi(p)

| | -

N=(er?atyt —ZL o Me(onZ(p )t
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where 9(s) = ¢(§i%) by Theorem 2. Let eAt denote the semigroup
'multiplication by e-iwt' and B its cogenerator (see the definitions

immediately after equation (6) in this section). Let B1 be the cogener-
ator of PNeAtlN 1 = lim ¢t(PNeAt|
t>0+

by (7) and because PNeAtPN = PNeAt by (2) we conclude that

and A1 its generator. Then since B N)

By = PyBly

1 1

o - -1 -1 -
Now 7B T = w8l T = r Tyl v Tt = v i) = )

since by (8)’1/B1/—1 = U and the diagram above commutes. Hence U(Bl)
is the set s¢ in Theorem 2 of sec. 3.4. Now Al = (B1+I)(B1—I)-1. Suppose

U, A are two complex numbers having the following relation u = %;% .

Then

M -1, -1, 1yl
MI-A; = 5=7 I-(B;+I)(B,-I) "=2(A-1) ~(B,-AIKB,-I)

When A € p(Bl) the operator
1 -1
RGW,A) = 5 (A-1) (B.-I) (B,-AL)
2 1 1
is an everywhere defined bounded operator and

(MI-A DR(MA)) = ROLA ) (WI-A)) = T .
Hence U € p(Al).
Since Bl = (Al+I)(Al-I)-1 using a dual argument we see that if
ue p(Al) then A € p(Bl).
The conclusion is that O(Al) is the image of o(Bl) under the map

A+l

Ah’ng'T:T . Combining this with the description of the set s, given

¢
in Theorem 2 of sec. 3.4 and using the relation &(s) = ¢(§i%) we obtain

the result.
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Via Fourier transform this theorem also gives the spectrum of
the infinitesimal generator of the restriction of the right translation
semigroup on a subsgpace of L2(0,a0 which is invariant under left trans-
lations.

Combining this result with the previous discussion we arrive at
the following theorem.

Theorem 5: Let T be a transfer function which belongs to HZ(H+),
1s noncyclic and has a factorization T = ?;Fo a.e. on the imaginary
axis with Fc’ Fo in HZ(H+) and Fc outer. Then T has a canonical
realization with the spectrum of the infinitesimal generator being
exactly :SQ » where ¢° is the associated inner function of Fo. This
realizationois constructed by taking, as state space the subspace of

HZ(I), N = (QOHZ(I ))'L, as c the function F_, as b the projection of

Fc on N and as semigroup the restriction of the semigroup 'multiplication

e—iwt. e-iwtl

by on N (i.e. PN

N)'
Suppose now that T has a meromorphic continuation across the
imaginary axis in I (for the definition of a function meromorphic

on a half-plane see [19] p. 260). Now

T(iw) = F_ADF, (10) = F_(TDH, G0 (1u) (16)

where Ho’ @o are the factors of F° according to Theorem 3. Now since T
is real valued we have

Fc(—iw)Ho(—iw)
) (-iw)

Tw) = T(-iw) = an

The right hand side of (17) is the boundary value of the function
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F(-8)H (+5) _
G(s) = XS] » which is meromorphic in I . Since Fc does not have
)

any inner factor and Qo is relatively prime to the inner factor of H° we

get that G is analytic in I except at points 4 € I where @o(-u) = 0,

Since T has a meromorphic continuation in I’ we must have that 5(s)-G(s) in
T . Hence the singularities of T in I are the points u with ¢°(-u)=0. On
the other hand T has an analytic continuation in I , through a point iw

of the imaginary axis, if and only if K has one through iw in the

opposite direction in H+, where K(s) = ;?:g;.a E(-s) (the last equality
because T is real valued). But K has an analytic continuation through

iw in H+ if and only if 5 has an analytic continuation through -iw

in . Therefore % has an analytic continuation through iw in Il , if

and only if it has one through -iw. We have however from (16) that

i(iw) = Fc(iw)Ho(iw)¢o(iw) where @o and the inner factor of FcHo £ HZ(H+)

are relatively prime. Hence by a theorem in [39] p. 66,% has an analytic

continuation in II_ through -iw, if and only if Qo has one through -iw.
The set of points on the imaginary axis through which @o cannot

be continued analytically coincides with the union of the following

two sets: o) the support of the singular measure of the singular part

of Qb and B) the accumulation points of the sequence of zeros of ¢o

(i.e. the sequence of zeros of its Blaschke product part) (see [7]).

Comparing o('f) as described above with the set 84) of Theorem 4,

o
we see that for the canonical realization given by Theorem 5 the'%pectral

inclusion property.becomes again equality

o(T) = a(A)
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where A is the restriction of the operator 'multiplication by -iw'
on (¢°H2(I )YL, or restriction of - %;-on a left translation invariant
subspace of L2(0,®).

This motivates the following definition.

Definition: A canonical realization [A,b,c] (balanced or regular)
of a weighting pattern T is called S-minimal (8 from spectrum) if and
only if o(i) = g(A)y multiplicities counted whenever possible.

We have thus proved the following

Corollary 5.1: Any transfer function which satisfies the conditions

of Theorem 5 above and is meromorphic in the left half plane, has an
S-minimal realization with infinitesimal generator having connected resolvent
set. The construction of this realization is given by Theorem 5 above.

We discuss briefly an application of these results to a particularly
interesting class of weighting patterns wﬁich belong to the class we are
considering here. Recall (see Remark 2 of sec. 2.6) that if T belongs
to L2(O,w), is locally absolutely continuous, its derivative belongs to
LZ(O,w) also and T(0) = 0, then T belongs to the class we are studying.

In this case we have

Fc(iw) = To1e ° Fo(iw) = (1-iw)T(iw)
Now [Z'F _]1(z) = 2.1 = 1 using (5). Hence,by Lemma 1,since 1 is
c 1-2z 1+2
1 1-2

outer on the disk,Fc is outer. Whenever T is noncyclic all the conditions
of Theorem 5 are satisfied and hence it can be applied. If in addition
T is meromorphic in the left half-plane Corollary 5.1 applies. We thus

have
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Corollary 5.2: Let T be a weighting pattern which belongs to

Lz(o,m), is locally absolutely continuous, its derivative belongs to
LZ(O,w) and T(0) = 0. 1If % is noncyclic and meromorphic in the left
half-plane, T has an S-minimal realization with infinitesimal generator
with connected resolvent set. The construction is given in Theorem 5.
Remark 2: The meromorphic assumption is satisfied by many systems
governed by several forms of the wave equation (e.g. Schrodinger
Equation, Maxwell's Equations) (see [39] Ch. VI and appendix 4, [46]).
We proceed now to the study of transfer functions for which Fc is
not outer (we continue to assume that T is noncyclic). Then the 'right
translation realization' is neither controllable nor observable. Hence
following Theorem 1 we obtain first a realization with state space
M = {closure of the linear span of the vectors aithc, t 30}, in HZ(I),
—imt'M as eAt, PyF, a8 c and F_ as b. By Theorem 2, M = QCHZ(IJ

where @c is the normalized inner factor of Fc. Next we reduce the latter

with e

realization to obtain a canonical one. This has as state space N,

the closure of the linear span of the vectors P eith F, t 30, in M,
M Mo
-iwt
PMFo as ¢ and PNFc as b. The semigroup is Pee 'N' Since M is
invariant under e-iwt, P eiwt PF =P eith for t 3 0. Since F_ is
M Mo M o o

noncyclic, the left translation invariant subspace generated by Fo is
(QOHZ(I))J'where ¢ is the assoc. inner function of F_, by Th. 3. The situation
here looks similar to the previous case. However the existence of the
projection Py complicates the discussion of the spectral properties of

this realization. We were not able to conclude whether or not this

realization can be S-minimal.
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We conclude this section by

ii) The Cyclic Case

Since E is cyclic, it follows from Lemma 2 that Fo is cyclic also.
This class is very interesting because it contains transfer functions
with branch points, such as those usually appearing in systems governed
by partial differential equations. Remarks similar to the ones given
in sec. 3.5 are valid here as well.

Fc can be outer or not. We consider first the case when Fc is outer.
Then the 'right translation realization' is canonical. The spectrum of
the infinitesimal generator in this realization is however the whole
closed left half-plane and hence generally it is far from being equal

to c(i). So again (see sec. 3.5) canonical by no means imply S-minimal.

In this class belong also weighting patterns which staify the
conditions of Theorem 1 of sec. 2.6 and have Laplace transforms with
branch points. By the "spectral inclusion property" all the points on
branch cuts of ; are included in the spectrum of any infinitesimal generator
with connected resolvent set which realizes T. Hence there is no unique
"minimal" spectrum, due to the nonuniqueness of the branch cuts.

We consider now the case when Fc is not outer. Then the 'right
translation realization' is observable. Reducing this realization by Theorem 1
we obtain a canonical realization with state space M = {closure of the

-iwt A

iwt t
as e , with PMF°

linear span of e F,t> 0}, in HZ(H), with Pye

ly
as ¢ and Fc as b. Obviously M is a right translation invariant subspace

and hence by Theorem 2,M = @cHZ(I ) where ¢c is the normalized inner factor

of F.. Since M is obviously invariant under 'multiplication by e—iwt'
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we gee that the following diagram commutes

w2 (I) «— 2t u
mult. by mult. by
-iwt ~iwt
e e
n?(X) 2 > M

where %/ is the unitary operator given by /H = ¢CH. Hence the spectrum
of the infinitesimal generator of the semigroup in this realization is
the whole closed left half-plane. So essentially the 'right translation
realization' restricted to a right translation invariant subspace, where
it is canonical, is generally far from being S-minimal.

Therefore independently of Fc being outer or not, whenever T is cyclic
the 'right translation realization' does not reduce to an S~minimal
realization. Only when T is noncyclic, we can reduce the 'right translation
realization' to obtain an S-minimal one.

It may be possible to construct S-minimal realizations for % cyclic,
by other means however (compare with section 3.5).

Remark 3: We do not have a complete picture for the relations
between canonical (resp. S-minimal) realizations of the same weighting
pattern T, for the class considered in this section. It is apparent however
that there is no analogue of the state space isomorphism theorem of the
finite dimensional theory. Counterexamples similar to the ones presented
for the bounded case (see sec. 3.4, 3.5), can be constructed easily. To
obtain a state space isomorphism theorem we need more assumptions. W. Helton

[19] introduced the notions of exact controllability and observability and
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obtained a state space isomorphism theorem for bounded realizations.
This result can be extended in a straightforward manner to regular

and balanced realizations.
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CHAPTER IV

CONCLUSIONS AND SUGGESTIONS
FOR FURTHER RESEARCH

We summarize briefly the major results of this thesis.

i) Classification of the transfer functions which admit bounded,
balanced and regular realizations.

ii) Existence and study of canonical realizations with spectral
properties closely reflecting the properties of the singularities of
the transfer functions.

iii) Existence of universal dynamical models for the class of systems

considered.

It is of interest to investigate further the class of irreducible
transfer functions (bounded realizations) and the cyclic case of ﬁhe
last section (regular realizations), and in particular to classify these
classes according to the possibility of existence or not of S-minimal
realizations. A systematic way of obtaining S-minimal realizations is
another subject which needs investigation. The study of the connections
between the realizability theory presented here (and especially of the
concept of an S-minimal realization) with certain modeling methods in
engineering (waveguide systems [46]) will hopefully provide a better under-
standing of these methods.

The study of scattering theory by Lax-Phillips using translation
representations of the semigroups involved in this problem, and the results

obtained via this method, give sufficient evidence that application of the
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universal dynamical models in other physical systems will prove to be
successful as well.

Finally since in many interesting physical problems the semigroup
of the state transition operators is either analytic (systems governed
by parabolic partial differential equations) or compact (delay systems)
it is of importance to characterize the transfer functions which admit
realizations with such properties. On the other hand the question of
existence of simple universal models for these systems has its own

theoretical and practical interest.
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