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81 — Setting & Objectives

81 — Setting & Objectives

System Description

Problem Description

Synthesis Objectives
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System Description — Min—Max Linear—-PCP Case

Linear discrete time system x* = Ax + Bu + w,

Variablesx 2 R",u2 R™",w2 R"and (A;B)2 R" " R" ™

Constraints x 2 X, u2 Uandw 2 W,

Sets X 2 PolyPC(R"), U 2 PolyPC(R™) and W 2 PolyC(R"),

Matrix pair (A; B ) stabilizable,

Information is variable x so feedback rules u(x) : X! U,
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Brief Problem Description — lllustration
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Brief Problem Description

Given an integer N 2 N, and x 2 X, select (if possible):

State Tube X = X 0k2 Nio: ]
Control Tube Uy 1 = TUkQk2 No: N 17 and

Control Policy  1:=f° k()gk2N[0:N such that

1]

X2 Xo; 82 NN 1
Xk X:

U U,

8y 2 Xi; Ay + B (y) W Xy
8y 2 Xk; «k(y) 2 Ug;
XN Xio X

P
which optimize Vy (Xn;UN 1) = K2 Ny 1L(Xk;Uk)+ VE (XnN).
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Synthesis Objectives & Key Ingredients

Equally Important Objectives

Robust Constraint Satisfaction,

Robust Stability (Boundedness and Attractiveness),
Computational Practicability,

Optimized (Meaningful) Performance.

Key Ingredients

Fully Parameterized Tubes,
Induced, More General, Non—Linear Control Policy,

Repetitive Online Implementation.
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82 — Earlier Robust MPC Methods

82 — Earlier Robust Model Predictive Control Methods

Open-Loop Min—-Max MPC |, ,

Feedback Min—-Max MPC X, X,

Dynamic Programming Based Robust MPC X, ,
Tube MPC X, , X,

Disturbance Af ne Feedback RMPC X, X, X.
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Feedback Min—Max OC and MPC - Preview
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Feedback Min—Max OC — Basic Idea

The set wy, of extreme disturbance sequences
WiN 1) = fW(i;k YOk2 Ny 1 with Wiik) 2 VertiCGS(W),

A set uy, of extreme control sequences
Uin 1) -= FUGK)OkaNy 1

A set xy, of extreme state sequences X ) := Xk )Okany »
A sensible decision making process for selecting

UN, = fu(i;N 1) - | 2 N[l:Nd]g1 and XNy = fX(i;N) C12 N[l:Nd]g-
(here Ny := gV, and g := Cardinality(Vertices( W)).)
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Feedback Min—Max OC — Decision Making Process

Given N 2 N, and x 2 X, select (if possible) sets of extreme:

State Sequences xn, = fXiny @ 12 Np.y,j9and

Control Sequences un, = fugn 1) © 12 Np.n,j9such that

8i 2 Ny, s 8k 2 Ny 1

X(ik +1) = AX(ix) + BU(ix) + Wik ) With X(i;g) = X;
X(iky 2 X; Ugiky 2 U and Xy ) 2 Xg g

8(i1;12) 2 Nji:ng1 Npingys 8K 2 Nnog;

X(ipk) = X(izk) ) U@igk) = Uirk)

which minimize

VN (XNgiUNy) = mailx FVin y(XNgiUNg) T2 Ny 19; Where
X
Viin ) (XN g UN) o= T(Xgik )i Uik ) T Vi (XN )
k2NN 1

SVR's FPTMPC Talk @ ISR. UMD. USA. Februarv 13: 2012-1p. 13



)
@ Feedback Min—-Max MPC — Summarized

Repetitive Online Application of Feedback Min—Max OC,

Dimension of Decision Variable Proportional to Ng = gV,

Number of Constraints Proportional to Ng = gV,

Computation Exceedingly Demanding and Impracticable.
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Feedback Min—Max OC and MPC — Summarized
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Feedback Min—Max OC — Important Remarks

Feedback Min—Max OC Utilizes:

State Tubes Xy = f Xk 0Ok2n, , With
Xk = COﬂVh(fX(i;k) 12 N[l:Nd]g)1 and

Control Tubes Uy 1 := fUxOkon, ., With
Uk = COﬂVh(fU(i;k) o N[l:Nd]g)-

Induced Control Policy n 1:=f «(;Xk;Uk)Okany ., With
k(;Xk;Uk) . Xk! Uk.

Feedback Min—Max OC Indicates Weakness of Open Loop
Min—Max OC.:

Additional Constraints 8i 2 Ni.n,1; 8K 2 Ny 1; Ugiky = Uk.
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t} Disturbance Af ne Feedback ROC and RMPC — Preview
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Disturbance Af ne Feedback (DAF) ROC — Basic Idea

- P :
Control Parameterization up = Vg; Ux = Vi + jk:01 M (1;j yw; , with
M(k,] ) 2 Rm n,
P 1

State Parameterization X = Xg = Zg; Xk = zx +
with T(k;j ) 2 R" n’

A set My 1 of control matrices
fMueiy -1 2Nk 15 K2 Ny 110,

A nominal control sequence vy 1 = fVkOkong -
A set T of state matrices f Ty ] 2 Ng 1; K2 Np.n10,
A nominal state sequence zy = fz Okon,

A sensible decision making process for selecting My 1, VN 1,
TN, and Z\N .
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DAF ROC — Decision Making Process

Given N 2 N, and x 2 X, select (if possible) sets of:

State and Control Matrices Ty and My 7 and

Nominal State and Control Sequences zy and vy 1 such that

8k 2 NN 1:2Zk+1 = Az + Bvy; withzg = x 2 X; vo = ug 2 U;

8k 2 Npp:n  1p5
M1 M1 W 1

Zk T yW X} vk M yW U and, zy Ting YW Xg
j=0 j=0 j=0

8] 2 Nic 1;

Tk+1j) = AT(kj ) t BM (5 ) With T iy = |

which minimize a sensible cost

X
VN (XnjUn 15 TN My 1) = (zk; Vi Tk M) + Vs (Zn 5T )
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)
@ Disturbance Af ne Feedback RMPC — Summarized

Repetitive Online Application of Disturbance Af ne Feedba ck
ROC,

Dimension of Decision Variable Proportional to hN 2,

Number of Constraints Proportional to hN 2,

Computation Practicable.
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DAF ROC and RMPC — Summarized
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Disturbance Af ne Feedback ROC Utilizes:

State Tubes Xy = f Xk0Ok2ny » With Xy 1= 7z
and

-0 T(kj)W,
Control TubEs Un 1:= fUkOkon, L, WIth
Uk = vk jk:01 M(k;j )W

Disturbance Af ne Control Policy
N 1= k(G Xk Uk)Gkang o

Disturbance Af ne Feedback ROC Indicates Weakness of Open
Loop Min—Max OC:

Additional Constraints M ;) =0 and Ty = A* * (Problems
for Unstable A ).
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83 — Fully Parameterized Tube OC & MPC

83 — Fully Parameterized Tube Optimal & Model Predictive Control

Prediction Structure

Constraint Handling

Sensible Cost

FPT Optimal & Model Predictive Control

System Theoretic Properties
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FPT Prediction Structure — Question 1

What if:

X 00 = X 2 R" was known,
w—player acted only once atj 2 Ny 1, and

] 2 Ny 1 (at which w; 2 W would happen) was also known?
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Question 1 — lllustration
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FPT Prediction Structure — Answer to Question 1

Question was: What if:

X 0) = X 2 R" was known,
w—player acted only once atj 2 Ny 1, and

] 2 Ny 1 (at which w; 2 W would happen) was also known?

An answer could be:

8k 2 NN 15 X(jk +1) = AX (k) + BU(u) + () Wi with

(j)=1forj = kand () =0 otherwise:

Use a Simple Sequence ugn 1) () == fugry ()Okang o !
fugky ()9kzn, function of X;. g,

UGk ()Gcang .oy o fUNCion of X 1) !
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FPT Prediction Structure — Question 2

What if:

X(:0) = X 2 R" was known,
w—player acted only once at|j 2 Ny 1,
] 2 NN 1 (at which w; 2 W would happen) was known, and,

W = Convh(fw; : i 2 Np.q0) and points w; 2 R"; 1 2 Npp.q
were known?
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Question 2 — lllustration
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FPT Prediction Structure — Answer to Question 2

Question was: What if:
X 0) = X 2 R" was known,

w—player acted only once at] 2 Ny 1,

] 2 NN 1 (at which w; 2 W would happen) was known, and,

W = Convh(fw; : i2 Npq0) and points wi 2 R™; i 2 Npp.q)
were known?

An answer could be:

81 2 Niz:qp 8K 2 NN 15 X(igie 1) = AX i ) + BU i ) + () Wi With

(j)=1forj = kand () =0 otherwise:

Use q Control Sequences
Uin 1) °= UGk yOkany 15 T2 Npzg)!

Each f Uiij:k )gk2 N; function of X(i: 0)!
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FPT Prediction Structure — Question 3

Can we Make Use of g Control Sequences
Uin 1) = UGk yOkany 15 T2 Nppg?
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FPT Prediction Structure — Answer to Question 3

Question was: Can we Make Use of g Control Sequences
Uin 1) = UGk yOkanyg 15 T2 Nppig?

An answer could be: YES

8k 2 N;j;
X@ijk ) = X@jk ) = “50F X(qjk ) = X(jk ) and
Uik ) = Uik ) = -+ = Uggk ) = Uk )-

Ensure Causality,

Employ Linearity and Convexity!
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FPT Prediction Structure — Question 4

How to Make Use of g Control Sequences
Uin 1) = UGk yOkany 15 T2 Nppg?
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Questions 3 and 4 — lllustration
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FPT Prediction Structure — Answer to Question 4

Question was: How to Make Use of g Control Sequences
Uin 1) °= UGk yOkanyg 15 T2 Nppig?

An answer could be: Easy because

X(ijik +1) = AX(ijk )+ BUgijk )+ ik ) Wi )
i X(igk +1) = A iXgigk )t B oilgigk )t k) iWE)
xd x4 xd xd
i X(ijk +1) = A i X(ijk )t B Uik )+ (k) | Wi
=1 i=1 i=1 i=1
X
8 2 =f 2R} : i =1g
i=1
Xk +1) ()= AX Gy () + Buguoy( )+ (oywk () with
x4 xd xd
Xk ) ()= i X(iik )5 UGk ()= i Ugiik ) and wy () = i Wi
i=1 =1 i=1
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FPT Prediction Structure — Question 5

What if:
x 2 R" was known,

w—player acted at all k 2 Ny 1 with wy 2 W, and

W = Convh(fw; : 12 Np.q0) and points w; 2 R"; 1 2 Npp.q
were known?
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Question 5 — lllustration
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FPT Prediction Structure — Answer to Question 5

Question was: What if:
x 2 R" was known, and
w—player acted at all k 2 Ny 1 with wy 2 W, and

W = Convh(fw; : 12 Np.q0) and points w; 2 R"; 1 2 Npp.q
were known?

An answer could be:

8k 2 NN 15 Xk+1 = AXg + Buy + wy with

X X
Xk = Xk Ye= Uk
j =0 j =0

Decomposition into N + 1 State and Control Sequences
FX(kyOkany and fugyOkany, , With | 2 Ny

Utilization of Answers to Previous Questions!
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FPT — lllustration
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FPT — Partial State and Control Tubes
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FPT Prediction Structure — Partial Tubes

X (o:N) X(0;0) X(0;1) X(0;2) X(©ON 1) X(©O:N)
Uon 1) U;0) Ue;1) Ue;2) UoN 1)
X @n) X(1;0) X1 X(1:2) Xan 1 X@anN)
Uan 1 Ue,0) U U2 Uan 1)
X(@2N) X(2;0) X(2;1) X (22 X@nN 1) X@N)
Ueain 1 U2;,0) Ue2;1) U;2) Uon 1)
X(N 1N) X(N 1.0 | X(N 1:1) | X(N 1,2 XN LN 1) | X(N 1N)
UN v 1) | UN 100 | UN 1.1) | UN 1.2 UnNn N 1)
X (NN ) X(N; 0) X(N; 1) X(N; 2) X(NN 1) X (NN )
Umnn 1) U(n; 0) U(n; 1) U(n; 2) UnNN 1)

X(j;k) = COﬂVh(fX(i;j;k ) - | 2 N[l:q]g)1

U(j;k) = COth(fU(i;j;k ) - | 2 N[l:q]g), and
FX ik yOkany and fUgyOkon, . Deterministic!
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FPT Prediction Structure — Partial Tubes & Policy

Partial State Tubes X (. ),
Partial Control Tubes U ;. 1y,

Pairs Xy y and U N 1) Counteract to Disturbances w; 1 with

Pair X o.nyy and U .y 1) Represents Nominal State and Control
Sequences (X(O;k+1) = AX(O;k) + Bu(O;k))-

Partial Policy (v 1) viafugk) ()kan,

wi 12W) w; 1= i(wj 1)w; forsome (w; 1) 2
i=1

Xk +1) (W 1) = AX )W 1)+ Buge)y(wWg 1)t (G 1x)Wg 1 with

Xd
X (jk )(W(j 1) ) = |(WJ 1)X(i;j;k ) 2 X(jk Y X(jk ) ( ) PWA and continuous
i=1

UGk y(W 1) = i (W) 1)Uk ) 2 Ugik ys Uk ) () PWA and continuous
i=1
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FPT — Overall State and Control Tubes
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FPT Prediction Structure — Overall Tubes

X ©:N) X(0;0) X(0;1) X@©:N 1) X(©:N)
Uon 1) U(;0) U;1) UoiNn 1)
X@n) X(1;0) X(1:1) X@anN 1) X@N)
Uan 1) U(;0) Uiy Uan 1)
X(N 1N) X(N 1;0) X(N 1,1 X(N LN 1) X(N 1N)
UnNn &N 1 | Un 10 UN 1.1 Un 1N 1)
X (NN ) X(N; 0) X(N; 1) X(N:N 1) X (NN )
Unin_ 1) | Yo, Un; 1), Unin 1),
= N = N = N N
XN Xo= 20 Xgo | X1= =0 XGy XN 1= o Xgn 1 [ XN =0 XGN)
N N N
Un 1 U= soVio |Y1= 5 Ysy Uv 1= =0 Yin g
L
_ N
Xk = j=0 X(J:k)’
L

N
Ue = j=0 Yk, and

fXkOk2n, and fUggkon, , Deterministic!
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FPT Prediction Structure — Overall Tubes & Policy

Overall State Tube X,

Overall Control Tube Uy 1,

Pairs X and Uy 1 Counteract to Disturbance Sequences
WN 1= fwW 12Ny, s

Control Policy 1 via Partial Policies .y 1)

8WN 12WN;
XN XN
Xk(WN)= Xk + Xk Y(W(; 1)) & Uk (WN )= Upxk) + Ugik y(W¢ 1)) )
j =1 j =1
»I -
Xk+1 (WN )= AX(Wn )+ Bu(wn )+ Wi = Xowk+) Xk +1) (W( 1)) with

j=1

Xk (Wn) 2 Xk; Xk () PWA and continuous

Uk (Wn ) 2 Ug; uk () PWA and continuous
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FPT Constraint Handling — Two Key Questions

What is support(X; F) foragiven F 2 R"?

Can wLe nd support(Xy; F) without computing explicitly
Xk = JNZO X(j;k) and X(j;k) = COth(fX(i;j;k ) - | 2 N[l:q]g)?

SVR's FPTMPC Talk @ ISR. UMD. USA. February 13: 2012 -p. 45



Support Function — lllustration
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FPT Constraint Handling — Support Function Trick

support( Xg; F)

= support( X ik )i F)

X

=0

% -

j =0

fow) = F ' Xoumy and fu) =max FF X ) 12 Nizqp

Y

1=0

support( X jx y; F)

f (j:k ) where
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FPT Constraint Handling — Support Function Trick

support( Xx;F) 1,
9ff(],k) 2 R : j 2 NNgSUChthat

»l .
f(j;k ) 1 with
j=0
F'Xox)  fow): and

8] 2 N and 8i 2 N[l:q]; FTX(i;j;k ) f(j;k ):

State Constraints 8k 2 Ny 17 Xk X,
Control Constraints 8k 2 Ny 1; Ur U, and

Terminal Constraints X Xs, reduce to a tractable set of
linear/af ne inequalities !
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Local Behavior — lllustration
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FPT Sensible Cost — Terminal Constraint Set

Local Linear Dynamics x* = (A + BK )x + w,

Constraints x 2 Xk = fx 2 X : Kx 2 Ug,

Terminal Constraint Set
Xs 2 PolyPC(R") : (A+BK)Xy W X; Xk,
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FPT Sensible Cost — Local Behavior

Eon) €0.0) (A + BK)ep:o (A + BK )?ep;q) .. | (A+ BK)N e, (A + BK)V ep.0
KE O:N 1) Ke(o;o) K (A + BK )8(0;0) K (A + BK )26(0;0) ... | K(A+BK )N 16(0;0)

Ean) 0 w (A + BK)W ... | (A+BK)N 2w (A + BK)N 1w
KE 1N 1) 0 KW K(A+ BK )W ... | K(A+ BK)N 2w

Een) 0 0 w ... | (A+BK)N 2w (A + BK)N 2w
KE 2N 1) 0 0 KW ... | K(A+ BK)N 2w

E(N 1;N) 0 0 0 W (A + BK)W
KEw v 1) | O 0 0 KW

Emn) 0 0 0 0 W

KE (nn 1) 0 0 0 0

Key Observation:

. —— k L k 1 kK 1 j
8k 2 NN 1; Exk =(A+BK) €0:0) i =0 (A+BK) W  Xg,
Implies:

Ex+1 :(A+ BK)Ek W  Xs, and

KEx KX; U

SVR's FPTMPC Talk @ ISR. UMD. USA. February 13: 2012-1p. 51



FPT Sensible Cost — Equivalent Representation |

fX©:k)k2n, and fugk)Okan, , are Deterministic:

Equivalent Representation X g x) = Zo:k) + €ok) and
Uoik) = Vo) + Keqi)

Dynamics Zo:k+1) = AZ(O;k) + BV(O;k) and
€ok+1) = (A + BK)egx)-
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FPT Sensible Cost — Equivalent Representation Il

fX¢k yOkan, and fugix yOkon, , are Deterministic:

Equivalent Representation X(ijik ) = Lk ) + €k ) and
Uik ) = Vi ) + Keijk )

Dynamics ik +1) = AZgijk ) + BV(ijk ) and
ik +1) = (A+ BK)&ijk )+ ( uW.
Interesting Facts:

Sequences f 7k yOk2n, . and f vk yOkan, , do not carry
uncertainty

Deterministic Dynamics 7k +1) = AZjk ) + BV(ijk )
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Equivalent Reparameterization — lllustration
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FPT Sensible Cost — Equivalent Reparameterization Il

ZoN) Z(0:0) Z(0;1) Z(0;2) ZoO:N 1) Zo:N)
VN 1 V(0,0) V(0;1) V(0;2) VoN 1)
ZanN) Z(1;0) Z(1;1) Z@;2) ZaN 1) Zan)
Van 1 V(1.0) Vi Vi :2) Van 1
ZeN) Z(2:0) Z(2;1) Z(2:2) ZeN 1) ZeN)
Ven 1 V(2:0) V(2:1) Viz:2) Ven 1
Z(N 1N) ZIN 1:0) | 4N 1;1) | 4N 12 ZN 1N 1) | Z(N 1LN)
VIN &N 1) | YN 100 | VIN 1) | (N 12 VIN 1N 1)
Z(NN) Z(N; 0) Z(N; 1) Z(N; 2) Z(NN 1) Z(N:N )
VNN 1) V(N; 0) V(N; 1) V(N; 2) VNN 1)

Z(j;k) = COth(fZ(i;j;k ) - | 2 N[l:q]g)’

V(j;k) = COth(fV(i;j;k )

o N[]_;q]g)’ and

fZikyOkon, and fVky0kon, . Completely Deterministic!
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FPT Sensible Cost — Sensible Cost Functions

Decomposition of X U prediction table into:
Uncertainty Free Z 'V prediction table, and

Uncertainty Absorbing E  KE prediction table.

Penalize Distance of Z V prediction table from its target 0 O
table!
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FPT Sensible Cost — Generic Cost Functions |

[ Von) | (Ze:0): Vioi0) | (a0 Vo) | (22:0); Vi) L e weivin 10) | Vi (z(n;0)) |
[ Van) | L(Z@o) Vi) | L(Z@.1); Vi) | L(Z1.2); Va2) | ... [LZan 9iVan 1) | VE(Zan)y) ‘
| Ven) | L(Z@o); Vie:) | L(Z2:1); Vo) | L(Z2:2); Vi2:2) | ... [LZen niVen 1) | VE(Zen)) ‘
’ Vin 1N) ‘ L(Zin 1.0 VN 1,0)) ‘ L(Zin 1.1: VN 1,1)) ‘ L(Zin 1.2 VN 1,2)) ‘ ‘ L(Zin 1N 1iVIN 1N 1) ‘ VE(Zn 1n)) ‘
| Viuny | L(Zn:0); Vini0) \ L(Z(n:1); Vi) \ L(Z(n:2); Vini2) | ... ] L(Zwn_ 15V 1)) \ VF (Zin)) ‘
| W | 0 LZaoiVeo) | 1o t@aniVen) | o t@a2iVea) [ | o L@an niVan v) [ e VE@an)) |

P, .
L(Zgkyi Vik)) = s @ik )i Vi )
P q
VE(Zgn o)) = o Vi (Zgn ),
()R R™I RyandV; () : R"I Ry

Convex and Sub—Additive,

Satisfy Condition:
8z2 R"; V} ((A+ BK)z) V;(2) (z;Kz)

Adequately Lower— and Upper—Bounded
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FPT Sensible Cost — Generic Cost Functions |l

[ Von) | (Ze:0): Vioi0) | (a0 Vo) | (22:0); Vi) L e weivin 10) | Vi (z(n;0)) |
[ Van) | L(Z@o) Vi) | L(Z@.1); Vi) | L(Z1.2); Va2) | ... [LZan 9iVan 1) | VE(Zan)y) ‘
| Ven) | L(Z@o); Vie:) | L(Z2:1); Vo) | L(Z2:2); Vi2:2) | ... [LZen niVen 1) | VE(Zen)) ‘
’ Vin 1N) ‘ L(Zin 1.0 VN 1,0)) ‘ L(Zin 1.1: VN 1,1)) ‘ L(Zin 1.2 VN 1,2)) ‘ ‘ L(Zin 1N 1iVIN 1N 1) ‘ VE(Zn 1n)) ‘
| Viuny | L(Zn:0); Vini0) \ L(Z(n:1); Vi) \ L(Z(n:2); Vini2) | ... ] L(Zwn_ 15V 1)) \ VF (Zin)) ‘
| W | o LZaoi Vo) | 1 L@ZaniVan) | 1 L@aaiVe) [ | Lo L@an niVan 1) [ 1 VE@an)) |

L(Z ik ys Vi )) = maxif (Zgigk ) Viigk ) @ 12 Npq0s
VE (Zny) = maxif Vs (Zjn ) @ 12 Npgq0s
(;) R ORI Ryand Vs () 0 R Ry

Cconvex,

Satisfy Condition:
8z2 R"; Vi ((A+ BK)z) V;(2) (z;Kz)

Adequately Lower— and Upper—Bounded
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Sensible Cost — lllustration
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FPT OC — Decision Variables

Sequences fZgx)Okany and Vo) Ok ny

1

Sequences fz(i;j;k ) Ok 2 Ny and fV(i;j;k ) Ok 2 Ny

1
. _ PN -
Initial Error State e.g) = X i=o0 Z(j: 0) (Can be Eliminated),

Dimension of Decision Variable dy Proportional to qN? !
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FPT OC — Decision Making Process

Given N 2 N, and x 2 X, select (if possible):

Decision Variable dy such that

8k2 NN 1:20k+) = AZeik) * BVow);
X

with €o;0) +  Z(i0) = X
j =0

8k 2 NN 1,
Xk =2k Ex X, U=V KEg U;,andXy =2Zn En Xs ; and,

X
€o;0) = X 23, 0 2 Xi
j =0

which minimize a cost function

X
Vn (dn) = Viin ) (dn):
J 2NN
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FPT OC — Topological Properties

The set of x 2 X for which FPT OC is feasible, say Xy, is a
P C—polytope in R",

Under Convexity of (; ) and V; () :
VY () : Xy ! R. is continuous and convex, and

9df () : Xy ! Ry which is continuous.

Under “Linearity” of " (; ) and Vs () :
VJ () © Xy ! Ry is PWA, convex and continuous, and

9df () : Xy ! R: whichis PWA and continuous.
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FPT MPC — Summarized

Repetitive Online Application of FPT OC,

Dimension of Decision Variable Proportional to qN?,

Number of Constraints Proportional to qN?,

Computation Practicable,

More General than Disturbance Af ne Feedback RMPC (due
PWA structure of employed feedback!).
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FPT MPC — De nition

FPTMPC
.0 _ P 0 P 0
8X 2 Xn; p(x)= i=0 V(j 0) (x) + K(x i=0 (j; 0) (X)),

Controlled Uncertain Dynamics
8x 2 Xn; X" 2F(x); F(x):= Ax+B R (x) W,

Also 8x 2 X;; {(X)= Kx andF(x):=(A+ BK)x W.
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FPT MPC — System Theoretic Properties

Theset Xy XisanRPlset,i.e. 8x 2 Xy; p(X)2 U
F(X) X N -

The set Xy X y is robustly exponentially stable set for
x* 2 F (x) with the basin of attraction Xy , i.e. any f X, gx2 n With

8k 2 N; xx 1 2 F (xx) converges exponentially fast, in stable
manner, to X; , and

L
ThesetX; = ., (A+ BK)W X; is the minimal robustly

exponentially stable set for x* 2 F (x) with the basin of attraction
XN -
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FPT MPC — Invariance and Stability Illustration
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FPT MPC — Invariance and Stability Properties

X(0;0) X(0;1) X(@O;N 1) X(O;N)
Ueo;0) Ueo;1) Uo,N 1)

X(1;0) X(1:1) XN 1) X(LN)
U(1;0) Uiy Ui 1

X(N 1:0) | X(N 1:1) XN 1IN 1 | X(N 1N)
Un 100 | UN 1:1) UNn 18 1)

X(N:0) | X(N;1) X(NN_ 1) X (N:N )
U(N; 0) U(N; 1) Ui 1)

Feasible FPT Prediction Structure at k = 0.
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FPT MPC — Invariance and Stability Illustration
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FPT MPC — Invariance and Stability Properties

X(0;0) X(0;1) XN 1) X(0;N) (A + BK)X@n)
U0;0) Ug;1) UoN 1) KX (o)

X(1:0) X (1:1) X1N 1) X(1:N) (A+ BK)X@aN)
Ue;0) Ui Uain 1) KX @)

X(N 12:0) | X(N 1:1) XN 1N 1) | X(N 1N) (A+ BK)X(N 1nN)
UN 1;00 | UN 1;1) Un v 1) | KX(n 1N

X(N;0) | X(N; 1) X(NN 1) X (NN ) (A + BK)X(nin)
U(n; 0) U(n; 1) UnNN - 1) KX (NN )

0 0 0 0 ><(N+1;N+1) =W

0 0 0 0

Extended Feasible FPT Prediction Structure atk = 0.
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FPT MPC — Invariance and Stability Illustration

SVR's FPTMPC Talk @ ISR. UMD. USA. Februarv 13: 2012-1p. 70



FPT MPC — Invariance and Stability Properties

X(0;0) X(©0;1) X©O:N 1) X(O:N) (A + BK )X@on)
U(0;0) Ug;1) UoN 1) KX o:n)

X(1:0) Ra1) RN 1) RN (A + BK)Ran)
Ui ;0) O(1;1) Oan 1) KR@an)

X(N 1,00 | X(N 1;1) XN 1N 1) | X(N 1N) (A+ BK)X(N 1nN)
UN 1,00 | UN 1;1) Un v 1) | KX(n 1N

X(N; 0) X(N; 1) X(NN 1) X(N:N ) (A+ BK)X(nN )
U(n; 0) U(N; 1) UnniN 1) KX (NN )

0 0 0 0 X(N+1;N+1) =W
0 0 0 0

Collapsed Version of Extended Feasible FPT Prediction Structure at

k=1.
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FPT MPC — Invariance and Stability Properties

Xo:1) + X

XoN 1)+t Xan 1

XoN) T Xan)

(A + BK )X(O;N) + (A + BK )k(l;N)

Uo:n + B

Uon 1 T UanN 1

KX@on) + KRan)

X(N 1:1) XN TN 1) X(N 1N) (A+ BK)X(n 1n)
UN 11 Un 1N 1) KX (N 1N)

X(N; 1) X(NN 1) X (NN ) (A+ BK)X(nN)
U(n; 1) UnNN - 1) KX (NN )

0 0 0 XN+1:N+1) = W
0 0 0

Feasible FPT Prediction Structure at k = 1 for "Sub—Additive" Cost.
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FPT MPC — Invariance and Stability Properties

R RN 1) RN (A + BK )R

0(1;1) Oan 1 KRan)

X(N 1:1) XN &N 1) | X(N ©LN) (A+ BK)X(Nn 1N)

UN 1:1) Un v 1 | KX (N 1Ny

X(N; 1) X(NN 1) X(N:N) (A + BK)X (NN )

Uen; 1) UNN - 1) KX (NN )

X(0:1) X@O:N_ 1) X(:N) (A+ BK)Xon)  X(n+1;N+1)
U(0;1) UoN 1 KX o:N)

Feasible FPT Prediction Structure at k = 1 for "Max" Cost.
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84 — Comparative Remarks & Illustrative Examples

84 — Comparative Remarks & lllustrative Examples

Comparative Remarks
Example 1. Feedback Min—Max MPC vs FPTMPC
Example 2: Disturbance Af ne Feedback RMPC vs FPTMPC

Example 3: FPTMPC in Action
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Comparative Remarks |

Comparisons of Main Existing RMPC Methods Based on
Computational Practicability:

RMPC vs Facts | CER | CP PS CO | #DV #C

CLMMRMPC |5 Uy (Xk) Nonlinear | YES | O(qV) | O(qV)

RTMPC 4 Uk (Xk) = KXk + Vk(Xo) Af ne YES | O(N) O(N)

TVA RMPC 3 Uk (Xk) = KXk + Vi(Xo) Af ne NO | O(qN?) | O(gN?)
P

DA RMPC 2 Uc(Xk) = 1o M)W + Vi(xo) | Afne YES | O(gqN2) | O(gN?)
PN ; 2 2

FPTMPC 1 Uk (Xk) = =0 Ugik ) (X(ik)) Nonlinear | YES | O(gN<) | O(gN<)
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Comparative Remarks Il

Comparisons of Main Existing RMPC Methods Based on Size of
Domain of Attraction:

RMPC vs Facts | SDAR CP PS
RTMPC 5 Uk (Xk) = KXk + vk (Xo) Af ne
TVA RMPC 3 4 Uk(Xk) = KgXg + Vk(Xo) Af ne

P
DA RMPC 3 4 Uc(Xk) = oo M)W + Vi(Xo) | Afne

P\ _
FPTMPC 2o0r (1 2)7 Uk(Xk) = i =0 Uk )(X(j;k )) Nonlinear
CLMM RMPC lor(1 2)? | uk(Xk) Nonlinear

Same Holds for Performance when Same Cost Functions are Used.
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Feasibility—Wise Equivalence to DP

Main Existing RMPC Methods and Feasibility—Wise Equivalence to DP:

RMPC vs Facts | FWEDPR N 2 N N=1 N =2 N> 2
N=m=1 [ N2Ns;; M2Ns | N2Ns; Mm2Ny | nN2Ne; m2 Ny

RTMPC 5 No YES NO NO

TVA RMPC 3 4 YES YES NO NO

DA RMPC 3 4 YES YES NO NO

FPTMPC 2or(1 2)? | YES YES YES ?

CLMM RMPC lor(l 2)?| YES YES YES YES

Feasibility—Wise Equivalence to DP of PTMPC and FPTMPC
Discussed in IEEE-TAC and IJRNC Papers.
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FPT MPC — lllustrative Examples
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FPT MPC — lllustrative Examples
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FPT MPC — lllustrative Examples
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FPT MPC — lllustrative Examples
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85 — Concluding Remarks

85 — Concluding Remarks

Summary

Historical Remarks
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Summary

Well-posed parameterized tube optimal control problems,
Meaningful solution process & 2—dimensional thinking,
Repetitive application of parameterized tube optimal control,
RHC/MPC strategies,

Suitably tailored use of optimization and control synthesis,

Strong system-—theoretic properties.

Satisfaction of synthesis objectives:
Constraint Satisfaction (Invariance),
Stable process despite constraints and uncertainty (Stability),
Optimized performance in an adequate sense,

Computational ef ciency.
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Relevant Papers

Parameterized Robust Control Invariant Sets for Linear Systems:
Theoretical Advances and Computational Remarks, IEEE-TAC
Regular Paper, (Published)

(Rakovi¢ and Baric),

Parameterized Tube MPC, IEEE-TAC Regular Paper, (Accepted)
(Rakovic, Kouvaritakis, Cannon, Panos and Findeisen),

Fully Parameterized Tube MPC, IFAC 2011, (Published)
(Rakovic, Kouvaritakis, Cannon, Panos and Findeisen),

Fully Parameterized Tube MPC, [JRNC D. W. Clarke's Special
Issue Paper, (Accepted)
(Rakovic, Kouvaritakis, Cannon and Panos),

Three More Surprise but Top Secret Papers ;-)
(Rakovic and co—author/s),
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Historical Remarks

Dynamic Programming and Controllability Under Constraints and Uncertainty
(Bertsekas, Schweepe, Witsenhausen, Kurzhanski, Krasovski, Pontryagin, La
Salle, Hermes, Artstein, Aubin, Frankowska, Lasserre, Blanchini, Miani, ...),

“Simpli ed” Tube Based Control Synthesis Under Constraints and Uncertainty:

Time—Varying Tube MPC
(Blanchini, Kouvaritakis, Cannon, Lee, Chisci, Zappa, Rositer, ...),

Rigid Tube MPC
(Mayne, Rakovi¢, Seron, Allgéwer, Teel, Astol , ...),

Homothetic Tube MPC
(Rakovic, Kouvaritakis, and Cannon)

Parameterized and Fully Parameterized Tube MPC
(Rakovic, Kouvaritakis, Cannon, and Panos)

Min—Max Feedback MPC (Bertsekas, Mayne and Scoekert, Kerrigan and
Maciejowski)

Disturbance Af ne Feedback Robust MPC (Ben-Tal, Loefberg, Goulart and
Kerrigan and Maciejowski)
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Question Time

That is all folks!

Thank you for patience! & Any questions?
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