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81 — Setting & Objectives

81 — Setting & Objectives

® System Description

® Problem Description

® Synthesis Objectives
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System Description — Min—Max Linear—-PCP Case

Linear discrete time system =+ = Az + Bu + w,

Variables 7 € R, u € R™, w € R" and (A, B) € R"*™ x R"*",

Constraints x € X, v € Uand w € W,

Sets X € PolyPC(R"), U € PolyPC(R™) and W € PolyC(R™),

Matrix pair (A, B) stabilizable,

Information is variable = so feedback rules u(z) : X — U.
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Brief Problem Description — lllustration
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Brief Problem Description

® Given aninteger NV € N, and = € X, select (if possible):

¢ State Tube Xy := { X} }ren,

0:N]!?

¢ Control Tube Uy _; = {Uk}keN[ozN_l], and

¢ Control Policy I1y 1 := {7 (-)}keN[O:N_” such that

x € Xo, Vk € Ny_1,

X € X,

U, C U,

Vy € Xy, Ay + Br(y) ©W C Xjpqq,
Vy € Xg, mi(y) € Uk,

Xy € Xy CX|

which optimize Vi (Xn, Un 1) = oy, DXk, Ur) + Ve(XnN).
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Synthesis Objectives & Key Ingredients

® Equally Important Objectives

¢ Robust Constraint Satisfaction,

¢ Robust Stability (Boundedness and Attractiveness),
¢ Computational Practicability,
¢

Optimized (Meaningful) Performance.

® Key Ingredients

¢ Fully Parameterized Tubes,
¢ Induced, More General, Non—Linear Control Policy,

¢ Repetitive Online Implementation.
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82 — Earlier Robust MPC Methods

82 — Earlier Robust Model Predictive Control Methods

Open-Loop Min—Max MPC x, x, x,

Feedback Min—Max MPC v/, v/, X,

Dynamic Programming Based Robust MPC v/, x, X,
Tube MPC v/, x, v,

Disturbance Affine Feedback RMPC v, v/, V.
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Feedback Min—Max OC and MPC — Preview
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Feedback Min—Max OC — Basic Idea

The set w,of extreme disturbance sequences
W(i,N—1) ‘= {W(i k) bkeNy_1» With w(; ) € Vertices(W),

A set uy, of extreme control sequences
(i, N-1) 3= {UGik) PreNy 1)

A set xy, of extreme state sequences x(; n) := {Z(; k) fkeNy s
A sensible decision making process for selecting

uy, = {U—(z’,N—l) NS N[lsz]}, and XN, ‘= {X(i,N) NS N[lsz}}.
(here N, := ¢V, and ¢ := Cardinality(Vertices(W)).)
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Feedback Min—Max OC — Decision Making Process

® Given N € N, and x € X, select (if possible) sets of extreme:

¢ State Sequences xy, = {X(; n) : ¢ € Ny, 1} and

¢ Control Sequences uy, = {ug y_1) : @ € Njj.n, 1} such that

Vi € Ni1: v, Vk € Ny_1,
Z(i,kt+1) = AT(i k) + Bug k) + Wi k), Withz gy =,
T(ik) € X, Ui,k € U, and T N) € Xf,

V(?:l,’ig) € 1N[l:Nd] X N[l:Nd]7 Vk € Ny_1,

T(iq,k) = L(ig,k) = U(i1,k) = U(iz,k)

which minimize

VN(XNd, uNd) = m?X{V(z,N) (XNd7uNd) NS N[I:Nd]}7 where

V(i,N)(XNd>uNd) -= Z e(x(i,k)au(i,k)) + Vf(x(i,N))-
keNn_1
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Feedback Min—-Max MPC — Summarized

Repetitive Online Application of Feedback Min—Max OC,

Dimension of Decision Variable Proportional to NV,; = ¢*V,

Number of Constraints Proportional to NV,; = ¢',

Computation Exceedingly Demanding and Impracticable.
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Feedback Min—Max OC and MPC — Summarized
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Feedback Min—Max OC — Important Remarks

® Feedback Min—Max OC Utilizes:

¢ State Tubes Xy := { X} }ren, , With
Xk = CODVh({ZC(Z’7k) D1 E N[l:Nd]})1 and

¢ Control Tubes Uy 1 := {Ug }ren,_,» With
Uk = COIth({U(i’k) c 7 € N[lsz]}).

¢ Induced Control Policy ITy 1 := {mx (-, Xp, Ur) }reny_ . » With
(s Xi, Ur) + Xi — Up.

® Feedback Min—Max OC Indicates Weakness of Open Loop
Min—Max OC.:

¢ Additional Constraints Vi € Nyj.n,;, VE € Ny o1, wg p) = ug.
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t} Disturbance Affine Feedback ROC and RMPC — Preview
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Disturbance Affine Feedback (DAF) ROC — Basic Idea

Control Parameterization uy = v, up = vi, + Zj 0 M<k jHw;, with
Mgy € R™T,

State Parameterization © = x¢g = z9, X = 2 + Z] 0 T<k HWy,
with T(k,j) e RPx™,

A set M _; of control matrices
{M(ku?) L J € Ng—1, ke N[l:N—l]}1

A nominal control sequence vy 1 := {Ur }reny_ s
A set Ty of state matrices {7, ;) : j € Ny_1, k € Ny},
A nominal state sequence zy := {2 }reny

A sensible decision making process for selecting My _1, vy _1,
TN, and ZN .

SVR's FPTMPC Talk @ ISR. UMD. USA. Februarvy 13. 2012 —p. 18



DAF ROC — Decision Making Process

® Given N € N, and x € X, select (if possible) sets of:

¢ State and Control Matrices T and M _; and

¢ Nominal State and Control Sequences z, and v _; such that

Vk € Ny_1,2541 = Az + Bug, with zg =z € X, vg = ug € U,

Vk € N[l:N—l]a
k—1 k—1 N—1

ZE D @T(k,j)W C X, vp. B @ M(k’j)W C U, and, zy & @ T(N,j)W C Xf,
§=0 §=0 §=0

Vj € Np_q,

Tirv1.5) = AL(k,j) + BMg,j) With T 1 5y = 1.

which minimize a sensible cost

Vn(xn,uny—1, Tn,Mny_1) i= > L2k, vk, T, Mi) + Vi (2n, ).
keNn_1
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)
@ Disturbance Affine Feedback RMPC — Summarized

® Repetitive Online Application of Disturbance Affine Feedback
ROC,

® Dimension of Decision Variable Proportional to 2. N?,

® Number of Constraints Proportional to AN ?,

® Computation Practicable.
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DAF ROC and RMPC — Summarized

SVR’'s FPTMPC Talk @ ISR. UMD. USA. February 13



Disturbance Affine Feedback ROC — Important Remarks

® Disturbance Affine Feedback ROC Utilizes:

¢ State Tubes Xy = {Xk}kENN’ with X = 2 D @5;3 T(k;’j)W,
and

¢ Control Tubes Uy 1 :={Up }reny_,» With
U .= v & @5;3 M(kJ)W.

¢ Disturbance Affine Control Policy
Iy = {ﬂ-k('7 Xka Uk:)}k:ENN—l'

® Disturbance Affine Feedback ROC Indicates Weakness of Open
Loop Min—Max OC:

¢ Additional Constraints 1 ;) = 0 and 7 ;) = A"~ ! (Problems
for Unstable A ).
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83 — Fully Parameterized Tube OC & MPC

83 — Fully Parameterized Tube Optimal & Model Predictive Control

® Prediction Structure

® Constraint Handling

® Sensible Cost

® FPT Optimal & Model Predictive Control

® System Theoretic Properties
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FPT Prediction Structure — Question 1

® \What Iif:

¢ 20 = € R" was known,
¢ w-—player acted only once at j € Ny_q, and

¢ j € Ny_; (at which w; € W would happen) was also known?

SVR's FPTMPC Talk @ ISR. UMD. USA. Februarvy 13. 2012 —p. 24



Question 1 — lllustration
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FPT Prediction Structure — Answer to Question 1

® Question was: What if:

¢ 20 =z € R" was known,
¢ w-player acted only once at j € Ny_q, and

¢ j € Ny_; (at which w; € W would happen) was also known?

® An answer could be:

vk € NN—1, Z(jk+1) = AT (5 k) + Bugk) + 95,k wi With

d(j,5) = Lforg =kanddg; ) = 0 otherwise.

¢ Use a Simple Sequence ug; y—1) (+) == {ug e () freny_, !
¢ {ugn () fren, function of z(; ¢,

¢ {ugir () eeny 1y, function of z(; ;1)
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FPT Prediction Structure — Question 2

® \What Iif:

¢ 20 = € R" was known,
¢ w-—player acted only once at j € Ny_1,
¢ j € Ny_; (at which w; € W would happen) was known, and,

¢ W= Convh({w; : ¢ € Njj.q}) and points w; € R", i € Nyj,4
were known?
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Question 2 — lllustration
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FPT Prediction Structure — Answer to Question 2

® Question was: What if:

¢ 20 =z € R" was known,

¢ w-player acted only once at j € Ny_1,

¢ j € Ny_; (at which w; € W would happen) was known, and,
¢ W= Convh({w; : ¢ € N1, }) and points w; € R", i € Ny,

were known?

® An answer could be:

Vi € Njiigy Yk € NN—1, (i j041) = AZ(i50) + Bu(ijk) + 05,k Wi With

04,5y = 1forj =kanddg; ) = 0 otherwise.

¢ Use ¢ Control Sequences
Ui j,N—1) +— {u(i,j,k)}k;eNN_l, 1 € N[l:q]!

¢ Each {u(; ;) jren, function of z(; ¢!
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FPT Prediction Structure — Question 3

® Can we Make Use of ¢ Control Sequences
(i, j,N-1) = {Ui5.k) FheNy 15> © € Niiig)?
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FPT Prediction Structure — Answer to Question 3

® Question was: Can we Make Use of ¢ Control Sequences
U j,N-1) = {Ui k) tkeNy 15 & € Njig)?

® An answer could be: YES

Vk € Nj,
T(1,5,k) = T(2,5,k) = -+ = L(q,5,k) = L(j,k) and
U1,5,k) = U(2,45,k) = - = U(q,j,k) = U(,k)-

¢ Ensure Causality,

¢ Employ Linearity and Convexity!
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FPT Prediction Structure — Question 4

® How to Make Use of ¢ Control Sequences
(i, j,N-1) = {Ui5.k) FheNy 15> © € Niiig)?

SVR's FPTMPC Talk @ ISR. UMD. USA. Februarv 13. 2012 -p. 32



Questions 3 and 4 — lllustration
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FPT Prediction Structure — Answer to Question 4

® Question was: How to Make Use of ¢ Control Sequences

Ui jN—1) = {u(i,j,k)}keNN_l, 1€ N[lzq]?

® An answer could be: Easy because

T(i,j,k+1) = AT k) T Bug k) + 03,6 Wi =

A (i, g k1) = AXT (i) + Bt k) +0(g,0) Aiwi =

q q q q
> Nz =AY Nim(jr) + B Nt gy + 03k D Xith;
=1 i=1 i=1 i—1

q
VAeA:={reRL : > N =1}
1=1

ac(j’kﬂ)()\) = Am(j’k) (A) + BU(j,k) (A) + 5(j,k)wk()‘) with

q q q
05,k (A) = D Xi(i g k) Uk (A) = D Aiug gy and wi(A) = Y X
=1 =1 1=1
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FPT Prediction Structure — Question 5

® \What Iif:

¢ 1 € R"™ was known,

¢ w—player acted at all £ € Ny_; with w,, € W, and

¢ W= Convh({w; : ¢ € Nj.4}) and points w; € R", i € Ny
were known?
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Question 5 — lllustration
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FPT Prediction Structure — Answer to Question 5

® Question was: What if:
¢ » € R"was known, and

¢ w-player acted at all £ € Ny_; with w;, € W, and

¢ W= Convh({w; : © € Nj1.4}) and points w; € R", i € Ny,
were known?

® An answer could be:

Vk € Ny_1, Tp41 = Az, + Bup + wy, with

N N
Lk = Z%,k)a Uk = Z%,k)-
§=0 §=0

¢ Decomposition into NV + 1 State and Control Sequences
{Qf(j,k)}keNN and {U(j,k)}keNN_l with 7 € Ny

¢ Utilization of Answers to Previous Questions!
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FPT — lllustration
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FPT — Partial State and Control Tubes
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FPT Prediction Structure — Partial Tubes

® U(%]{) = COHVh({U/(Z',j’k)

0 1€ Njp.g}), and

® [ X(intreny and {Ug; i) treny_, Deterministic!

X (0,N) L(0,0) L(0,1) L(0,2) L(0,N—-1) L(0,N)

U(O,N—l) U(0,0) U(0,1) U(0,2) U,N-1)

X(l,N) L(1,0) X(1,1) X(1,2) X(l,N—l) X(l,N)

U(l,N—l) U(1,0) U(1,1) U(1,2) U(l,N—l)

X (2,N) T(2,0) T(2,1) X(2,2) X(2,N-1) X(2,N)

U(2,N—1) U(2,0) U(2,1) U(2,2) U(2,N—1)

X(N—1,N) T(N-1,0) | T(N-1,1) | T(N—-1,2) X(N-1,N-1) | X(N—1,N)

—1,N—-1) | YN-1,0) | U(N-1,1) | Y(N-1,2) U(N—1,N—1)

X (N,N) T(N,0) T(N,1) T(N,2) T(N,N-1) X(N,N)
U(N,0) U(N 1) U(N,2) U(N,N—1)

® X(j,k) = COHVh({ZI?(iJ',k) D1 E N[l:q]}>1
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FPT Prediction Structure — Partial Tubes & Policy

® Partial State Tubes X n),

® Partial Control Tubes U; 1),

® Pairs X, ) and U, 1) Counteract to Disturbances w;_; with
7 € NNy

® Pair X 5y and U, 1) Represents Nominal State and Control
Sequences (x (g ,41) = Az, + B k))-

® Partial Policy IT(; 1) via {u(;x) () beeny

q
wji_1 EW = w,;_ 1 = Z Ni(w;_1)w; for some A(w;_1) € A
1=1

T e+1) (Wi—1)) = Az r) (Wii—1)) + Bug k) (wi—1)) + -1,k w(;—1) With

q
Ty (Wi—1)) = Z Xi(wj—1)x 5.10) € X(j,k), T,k (-) PWAand continuous
1=1

q
ug ey (Wi—1)) = Zki(wj—ﬁuu,j,k) € Uik, U@,k (-) PWAand continuous
1=1
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FPT — Overall State and Control Tubes
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FPT Prediction Structure — Overall Tubes

X (0,N) L(0,0) L(0,1) <o | L(0O,N—1) L(0,N)
Uo,n-1) U(0,0) U(0,1) <o | U(0,N—1)
X(1,N) T (1,0 X(1,1) | Xano X(1,N)
U(1,N—1) U(1,0) U(1,1) e U(l,N—l)
X(N—l,N) L(N-1,0) T(N-1,1) e X(N—I,N—l) X(N—l,N)
U(N—1,N—1) U(N—-1,0) U(N—-1,1) e U(N—1,N—1)
X(N,N) T(N,0) T(N,1) | BN N—1) X(N,N)
Un,n-1) U(N,0) U(N,1) co | uN,N—1)
N N N N
XN Xo = @7’:0 Xgo | X1 = @jzo Xy | - | X1 = @jzo Xgn-1 | Xn = @7:0 X,
N N N
Un_1 UO = @7‘:0 U(j70) Ul = @jzo U(j,l) cee Un_1= @jzo U(j,N—l)

N
® Xi= @j:() X (k)

N
® U= @jzo Utj.r)» @nd

® {Xy}reny and {Uy fren, ., Deterministic!
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FPT Prediction Structure — Overall Tubes & Policy

® Overall State Tube X,

® Overall Control Tube Uy _ 4,

® Pairs X, and U, _; Counteract to Disturbance Segquences
WN_1 — {wj—l}jGN[l:N] ’

® Control Policy ITy_; via Partial Policies II; n_ )

Vwn_1 € WY,

N N
ze(WN) = 20,5y + D 20,0 (Wi—1) & ur(WN) = wok) + D ugm(wi—1)) =

N

xk+1(wN) = A$k<WN) + Buk(wN) + wg = $(07k+1) + Z x(j,k—}—l)(w(j—l)) with
j=1

rr(Wn) € Xg, i () PWA and continuous

ur(wyn) € Ug, ur (-) PWA and continuous
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FPT Constraint Handling — Two Key Questions

® \What is support(Xy, I') for a given F' € R"?

® Can we find support(Xg, F') without computing explicitly
X = @;V:O X(j,k) and X(j,k) L= COHVh({ZL'(i,j’k) D1 E N[l:q]})?
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Support Function — lllustration
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FPT Constraint Handling — Support Function Trick

support( X, F)

N

= support(@ Xk) F)
§=0

N
= Z support(X; x), F)

i=0
N

= 2_ fiw) where
i=0

f(O,k:) = FT:I:(O,;{;) and f(j,k) = m?X{FT:C(i’j,k) RS N[l:q]}
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FPT Constraint Handling — Support Function Trick

support( X, F) < 1 <
IH{fk €ER : j € Ny} suchthat

N
> fiiky < Lwith
§=0

F 'z 1) < fo.x), and

\V/:] € NN and V7 c N[l:q]7 FTiC(Z’j,k) S f(],k)

® State Constraints Vk € Ny_¢, X C X,
® Control Constraints Vk € Ny_¢, U, C U, and

® Terminal Constraints X C Xy, reduce to a tractable set of
linear/affine inequalities!
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Local Behavior — lllustration
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FPT Sensible Cost — Terminal Constraint Set

® |ocal Linear Dynamics 2" = (A + BK)x + w,

® Constraints r € Xy :={xr e X : Kz € U},

® Terminal Constraint Set
Xt € PolyPC(R") : (A+ BK)X; ®W C Xy C X,
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FPT Sensible Cost — Local Behavior

E,n) €(0,0) (A+ BK)e,0) (A+ BK)*e(,0) (A4 BEK)N e (A4 BEK)Ne,0)
KE(O,N—I) Ke(()’o) K(A + BK)e(O’O) K(A + BK)QG(()’O) K(A + BK)N_le(O’O)

Eq, n 0 AW (A+ BK)W (A+ BK)N2W (A+ BK)N 1w
KE( n_1) 0 KW K(A+ BK)W K(A+ BK)N—2w

E@x N 0 0 \W (A+ BK)N2W (A+ BK)N2W
KE@ n_1) 0 0 KW K(A+ BK)N—2w

En_1,n 0 0 0 AW (A+ BK)W
KEnN_i1,n-1) | 0 0 0 KW

En N 0 0 0 0 \WY%

KE (v n-1) 0 0 0 0

® Key Observation:

® Vie Ny_q1, B = (A—l—BK)ke((),O)@@?;3(A+BK)k_l_jW C Xf,
Implies:

® F..1=(A+BK)E,®W C Xy, and

® KE,C KX; CU.
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FPT Sensible Cost — Equivalent Representation |

® {x(O,k)}kENN and {U(O,k)}kENN_l are Deterministic:

® Equivalent Representation x g ) = 2(0,x) + €(0,x) and
U(o,k) = V(0,k) T €O,

® Dynamics z(g ;1) = Az.x) + Bv,x) and
e(o,k+1) = (A+ BE)eqor)-
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FPT Sensible Cost — Equivalent Representation Il

{x(i,j,k)}szNN and {U(z’,j,k)}kENN_l are Deterministic:

Equivalent Representation (; ; 1.y = (i j. k) + €(,j,1) and
U(i,jok) = Vigk) ek

DynamiCS Z(i,j,k+1) — AZ(ZJ’]{) — B’U(@jj}@ and
€(ijk+1) = (A+ BEK)eg jr) + 0(j—1,k)Ws.
Interesting Facts:

¢ Sequences {z(; ;i) freny_, and {vy jp) freny_, dO notcarry
uncertainty

¢ Deterministic Dynamics z(; j x+1) = A2¢ 1) + Bvi
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Equivalent Reparameterization — lllustration
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FPT Sensible Cost — Equivalent Reparameterization |l

Z(O,N) Z(0,0) Z(0,1) 2(0,2) Z(0,N—1) Z(0,N)
V(O,N—l) V(0,0) V(0,1) V(0,2) V(o,N—1)

Z(l,N) Z(1,0) Z(1,1) Z(1,2) Z(l,N—l) Z(l,N)
V(1,N—1) U(1,0) V(1,1) V(1,2) V(1,N—1)

Z2 N 2(2,0) 2(2,1) 2(2,2) Z(2,N-1) Z(2,N)
Vi, N-1) V(2,0) V(2,1) Vi2,2) Vien-1)

Z(N_1,N) Z(N-1,0) | 2(N—1,1) | Z(N-1,2) ZIN-1,N—1) | Z(N—1,N)
V(N—1,N—1) UN-1,00 | YN-1,1) | U(N—-1,2) V(N—1,N—1)

Z(N,N) Z(N,0) Z(N,1) Z(N,2) Z(N,N—1) Z(N,N)
V(N,N-1) V(N,0) U(N,1) U(N,2) U(N,N—1)

® 7k = Convh({z( ) : @ € Nuglt),

® Vijk = Convh({v ;)

: 1€ Ny }), and

® (7 reny and {V(; i) treny_, Completely Deterministic!
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FPT Sensible Cost — Sensible Cost Functions

® Decomposition of X — U prediction table into:

¢ Uncertainty Free Z — V prediction table, and

¢ Uncertainty Absorbing £ — K E prediction table.

® Penalize Distance of Z — V prediction table from its target 0 — 0
table!
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FPT Sensible Cost — Generic Cost Functions |

Vo | 00 v0.0) | (20,00 v0.0) | (22,00 v20) [ | w10, vv-10) | Vi) |
Wan | L(Zoo.Vao) | L(Zaay, V) | L(Z(2), Vi o) | [ LZan-1).Van-v) | Ve(Za n) |
WVen) | LZpo. Vo) | L(Zp.1), Vo) | L(Zp.2), Vo)) | [ L(Zon-1). Ven-) | Ve(Zo.n) |
Ve | LZv—1,0), Viv-1,0) | L(Zn—11),Vin—11) | L(Z(n—12), Vin—12) | - | LZv—inv—1): Viveinv—y) | Ve(Ziv-1y) |
Voo | LZnv o), Vi) | L(Zv1): Vi) | L(Z(n2), Vive) | ... [ LZwv-1),VinN-1) | Ve(Z(w,n)) |
[ W | o LZG0), Vi) | Zime LZGn Vo) | 2o LZG2), Vo) | - | Site LZgn-1:Vuwv-1) | o Ve(Zyn)) |

® L(Z(k), Vi) = 2oim1 U(2(0,5,0), V(g )s

® Vr(Zny) =2i—1 Vi(2i,5,3)s

® /() : R xR™ —-Ryand Vy(-) : R® - Ry :
¢ Convex and Sub—Additive,

¢ Satisfy Condition:
VzeR", Vi((A+ BK)z) — Vi(z) < —l(z, K2)

¢ Adequately Lower— and Upper—Bounded
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FPT Sensible Cost — Generic Cost Functions |l

Vo | 00 v0.0) | (20,00 v0.0) | (22,00 v20) [ | w10, vv-10) | Vi) |
Wan | L(Zoo.Vao) | L(Zaay, V) | L(Z(2), Vi o) | [ LZan-1).Van-v) | Ve(Za n) |
WVen) | LZpo. Vo) | L(Zp.1), Vo) | L(Zp.2), Vo)) | [ L(Zon-1). Ven-) | Ve(Zo.n) |
Ve | LZv—1,0), Viv-1,0) | L(Zn—11),Vin—11) | L(Z(n—12), Vin—12) | - | LZv—inv—1): Viveinv—y) | Ve(Ziv-1y) |
Voo | LZnv o), Vi) | L(Zv1): Vi) | L(Z(n2), Vive) | ... [ LZwv-1),VinN-1) | Ve(Z(w,n)) |
[ W | o LZG0), Vi) | Zime LZGn Vo) | 2o LZG2), Vo) | - | Site LZgn-1:Vuwv-1) | o Ve(Zyn)) |

® L(Z(ky: Vijky) = maxi{€(2ai k), Vijk) @ ¢ € Nugt,

® /() : R"xR™ —=Ryand Vy(-) : R®* = Ry :
¢ Convex,

¢ Satisfy Condition:
VzeR", Vi((A+ BK)z) — Vi(z) < —l(z, K2)

¢ Adequately Lower— and Upper—Bounded
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Sensible Cost — lllustration
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FPT OC — Decision Variables

Sequences {z( i) treny and {vg ) treny

Sequences {z(; j ) treny and {vi ;i p) freny
Initial Error State e ¢) = = — Zjv:o z(j,0) (Can be Eliminated),

Dimension of Decision Variable d ;- Proportional to ¢/V° !
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FPT OC — Decision Making Process

® Given N € N, and x € X, select (if possible):

¢ Decision Variable d » such that

Vk € NN—1,2(0,k+1) = AZ(0,k) + BV(0,k):
Vi € N1iq), V5 € Njuny, Ve € NN-1, 2(3,5,6+1) = A2(1,5,0) T BG,5k)»

N
with e(,0) + ) 7(,0) =
=0

Vk € Ny_1,
X,=2, BHE, CX, U, =V, HKE, CU, andXN:ZNHHENQXf, and,

N

€(0,0) =T — Z 2(5,0) € KX
=0

which minimize a cost function

Vn(dy) := Z Vi, Ny (dn).
JENN
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FPT OC — Topological Properties

® The set of + € X for which FPT OC is feasible, say Xy, is a
PC—polytope in R™.

® Under Convexity of /(-,-) and V (-) :

¢ V() : Xy — R, is continuous and convex, and

¢ 1d% (1) : Xy — R, which is continuous.

® Under “Linearity” of /(-,-) and V; (-) :
¢ V() : Xy — R, is PWA, convex and continuous, and

¢ 1d% (1) : Xy — R, which is PWA and continuous.
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FPT MPC — Summarized

Repetitive Online Application of FPT OC,

Dimension of Decision Variable Proportional to ¢/V?,

Number of Constraints Proportional to ¢/V?,

Computation Practicable,

More General than Disturbance Affine Feedback RMPC (due
PWA structure of employed feedback!).
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FPT MPC — Definition

® FPTMPC
N
Vo € Xy, wiy(r) = Zj:O V(.0 (z) + K (2 — ijo Z?j,o) (7)),

N 0

® Controlled Uncertain Dynamics
Vo e Xy, v+ € F(z), F(z) := Az + B (z) ®W,

® AlsoVr € Xy, k() = Krand F(z) := (A+ BK)x & W.
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FPT MPC — System Theoretic Properties

® The set Xy C Xisan RPI set, i.e. Vx € Xy, % (x) € U

® The set X; C Xy is robustly exponentially stable set for
T € F(x) with the basin of attraction Xy, i.e. any {x }.cn with

Vk € N, 2.1 € F(x)) converges exponentially fast, in stable
manner, to X, and

® ThesetX. =@, ,(A+ BK)"W C X, is the minimal robustly

exponentially stable set for +™ € F(x) with the basin of attraction
Xn.
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FPT MPC — Invariance and Stability Illustration
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FPT MPC — Invariance and Stability Properties

L(0,0) L(0,1) e | L(0,N-1) L(0,N)
U(0,0) U(0,1) | U(o,N—-1)

T (1,0) X(1,1) oo | Xa,N—1) X(1,N)
U(1,0) U(1,1) e U(1,N—1)

T(N-1,0) | T(N=1,1) | --- | X(N=1,N=1) | X(N=1,N)
UN-1,0) | UN-1,1) | =~ U(N—1,N—1)

T(N,0) T(N,1) oo | TN, N=T) X(N,N)
U(N,0) U(N,1) e | UW(N,N-1)

Feasible FPT Prediction Structure at k£ = 0.
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FPT MPC — Invariance and Stability Illustration
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FPT MPC — Invariance and Stability Properties

T (0,0) Z(0,1) T(0,N—1) T(0,N) (A+ BK)z,n)
U(0,0) U(0,1) U,N-1) KCU(O,N)

T(1,0) X X, nN=1) X,n (A+ BK)X n
U(1,0) Uiy Ua,N-1) KX1,n

L(N-1,0) | L(N-1,1) X(N—l,N—l) X(N—l,N) (A + BK)X(N—l,N)
UN-1,0) | W(N=1,1) Un-1,n-1) | KX(N-1,N)

T(N,0) T(N1) T(N,N—-1) X(n,n) (A+ BK)X(n,n)
U(N,0) U(N,1) U(N,N—1) KX(N,N)

0 0 0 0 Xniiney =W

0 0 0 0

Extended Feasible FPT Prediction Structure at k£ = 0.
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FPT MPC — Invariance and Stability Illustration
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FPT MPC — Invariance and Stability Properties

T (0,0) Z(0,1) o | Zo,N=1) T(0,N) (A+ BK)z,n)
U(0,0) U(0,1) | U(O,N—1) KCC(O,N)

T(1,0) T(1,1) oo | Ta,N—1) T(1,N) (A+ BK)Z,n
U(1,0) U(1,1) coe | U N—1) KZ1,n

L(N-1,0) | L(N—1,1) | «-- X(N—l,N—l) X(N—l,N) (A + BK)X(N—1,N)
UN=1,0) | UnN=-1,1) | --- | Un=1,n=1) | KX (N=1,N)

T(N,0) T(N1) o | TN N1 X(n,n) (A+ BK)X(n,n)
U(N,0) U(N,1) coe | W N=1) KX (N,

0 0 ] 0 Xniiney =W

0 0 ... |0 0

Collapsed Version of Extended Feasible FPT Prediction Structure at
k=1.
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FPT MPC — Invariance and Stability Properties

To,N-1) + T(1,N-1)

T(0,N) + T(1,N)

u(o,N—1) + Ua,N-1)

Kxo,n) + KT, N

T(N-1,1) X(N-1,N-1) X(N-1,N) (A+ BK)X(nv_1,n)
U(N—1,1) Un-1,N-1) KX(n_1,n)

T(N,1) T(N,N—1) X(n,n) (A+ BK)X(n.n)
U(N,1) U(N,N—1) KX N N

0 0 0 Xveiney =W

0 0 0

Feasible FPT Prediction Structure at £ = 1 for "Sub—Additive" Cost.
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FPT MPC — Invariance and Stability Properties

T(1,1) T1,N-1) T(1,N) (A+ BK)Zq n

U(1,1) U(1,N-1) KZ1,n

T(N-1,1) Xvoin—1) | X(v—1,n) (A+BK)X(n-1,n)

U(N—-1,1) Un-i,n-1) | KEX(n=1,n)

T(N1) T(N,N-1) X(n,N) (A+ BK)X(nn)

U(N,1) U(N,N—1) KX (N N

Z(0,1) T(0,N—1) T(0,N) (A+ BK)xo,n) ® X(N+1,N+1)
U(0,1) UO,N—1) Kx,n

Feasible FPT Prediction Structure at &k = 1 for "Max" Cost.
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84 — Comparative Remarks & lllustrative Examples

84 — Comparative Remarks & lllustrative Examples

® Comparative Remarks
® Example 1: Feedback Min—Max MPC vs FPTMPC
® Example 2: Disturbance Affine Feedback RMPC vs FPTMPC

® Example 3: FPTMPC in Action
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Comparative Remarks |

Comparisons of Main Existing RMPC Methods Based on
Computational Practicability:

RMPC vs Facts | CER | CP PS CO | #DV #C
CLMMRMPC |5 ug (1) Nonlinear | YES | O(¢") | O(¢")
RTMPC 4 ug(xr) = Kxg + v (o) Affine YES | O(N) O(N)
TVA RMPC 3 up(zr) = Kk + vg(xo) Affine NO | O(¢N?) | O(gN?)
DA RMPC 2 up(wr) = 350 Mjmyw; + vi(zo) | Affine YES | O(gN?) | O(¢N?)
FPTMPC 1 we(@r) = 20 o ui (TGn) Nonlinear | YES | O(¢gN?) | O(¢N?)
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Comparative Remarks |l

Comparisons of Main Existing RMPC Methods Based on Size of
Domain of Attraction:

RMPC vs Facts | SDAR CP PS
RTMPC 5 ug(rr) = K + v (o) Affine
TVA RMPC 3—4 ug(z1) = Kpzp + vg(20) Affine

DA RMPC 3-4 up(@n) = S0y M mw; + vi(zo) | Affine
FPTMPC 20r (1 —2)7 | ug(zg) =D o U p) Nonlinear
CLMM RMPC Lor(1—2)?7 | ug(ak) Nonlinear

Same Holds for Performance when Same Cost Functions are Used.
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Feasibility—Wise Equivalence to DP

Main Existing RMPC Methods and Feasibility—Wise Equivalence to DP:

RMPC vs Facts | FWEDPR N e Ny N=1 N =2 N > 2
n=m=1|neNy, meNy |neNy, meNy | ne Ny, meN,

RTMPC 5 No YES NO NO

TVA RMPC 3—4 YES YES NO NO

DA RMPC 3—4 YES YES NO NO

FPTMPC 20r(1-2)7 | YES YES YES ?

CLMM RMPC lor(1—-2)7? | YES YES YES YES

Feasibility—Wise Equivalence to DP of PTMPC and FPTMPC
Discussed in IEEE-TAC and IJRNC Papers.
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FPT MPC — lllustrative Examples

online optimization is feasible then it is guaranteed that the online optimization will remains feasible for all the
future time k € N and at all possible states Ty encountered in the control process. The previous fact is true as the

initial optimization is feasible for all state © € Xy and the N-step p terized tubes ollability set Xy is
robust positively invariant set for the system o+ = Az + Br}y(z) +w and the constraint set (Xx;, , W) as asserted in
Theorem 1 (see also Proposition 7). Finally, since Vx € Xy, Vi(z) =0, and, consequently, Vz € Xy, s}(z) = Kz
we note that online optimization can be terminated once the state zy enters the set Xy,

Remark 11 We also note that the variable d(y x) in (7.5), can be eliminated by loying the relationships (3.3b)
and (3.4b) which, in turn, reduces the number of decision variables by %qu (N+1). However, the form of constraints
we have utilized seems to be both the numenrically and structurally preferred option even in the case of the nominal
MPC [46].

7.2 Illustrative Examples

‘We provide first two ! trating advan of the developed PTOC and PTMPC over the methods proposed
in [13,14] as well as in [15-18].

Ilustrati ample 1 The first ill ive ezample is a variant of the ezample used in [13]. The system is one
dimensional system given by:

gt=z+u+w,
with the state and control constreint sets:

1 1 1

X=[-30,30) = {s€R : mz<1, —mr <1}, and U=[-2,2={ueR : zu<l, —ju<i}.

30 30
The disturbance set W is given by:
W = convh({1,~1}) so that ¢ =2, @ =1 end W = —1.
The matrices Q and R defining the sets Q and R as well as their gauge functions utilized for the cost function Vi ()
are given by:
Q=(1, -1)T and R=(2, -2)*.

The local linear feedback u = ka, the terminal constraint set X and the matriv P defining the set P and its gauge
function utilized for the cost function Vi () are given by:

i 1 1
=5 %= [-44={z€R : 7z<1, —g2< 1}, and, P = (4, —4)".
In this example, any initial dition o € X is mi liable to a target set within N = 26 steps. In
particular, for the initial conditions f = 30 and z§ = —30 the min-maz controllability to o target set Xy can be
guaranteed if and only if N = 26. So, we choose the initial condition zo = 30 and consider the horizon length

LLLLL HEHHRN .

liIIIIIIIIIIlIIIIlIII“lIIIIII
‘ ,riiiigiﬁ‘ﬁ

Figure 1: Parameterized Model Predictive Control State Tube.

N = 26, In this setting, the methods of [13, 14] require the utilization of the decision variable whose dimension is
9226 — 67108864 and the cor di imization requires the utilization of ¢ number of constraints that is linearly

19
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FPT MPC — lllustrative Examples

proportional to 2% = 67108864. aearly, even with the most sophisticated optimization software, this would lead

to an almost ibl ional task ( speaking, this task is, in fact, an impossible mission). On
the contrary, the proposed PTMPC method mqmres the utilization of the decision vanable dN whose dmnm.sum is
Nt = 4162 while the total number of equality and i lit, ints for the und g linear prog: 9
problem satisfy Nineq = 5674 and N, = 728. This simple scalar example d cleaﬂ l
advantages of the proposed method over those suggested in [18, 14]. The performance of the PTMPC is additionally
illustrated in Figure 1 where we show the tube Xprmpe = {[z},z}|}ren composed from the extreme trajectories
generated from {z}}ren and {z}}ren which satisfy:

Thpr = ok + R (ah) + 0 (@, Ay (), and oy = o+ KR (ak) +w* 2k s (),

where zh = —30, x§ = 30 and the function w* (-,-) is the mazimizing disturbance function taking the form w* (z,u) =
1lifz+u >0, w*(z,u) = —1 ifz+u < 0 and w*(z,u) can be either 1 or —1 if s+u = 0. As evident from the Figure,
the PTMPC law induces the controlled, uncertain, dynamics with strong system theoretic properties. Clearly, the tube
Xprupc = {[zh, e}l ken composed from the extreme trajectories canerIc exponentially fast to the minimal robust
positively invariant set Xoo = [—2,2] (ezhibiting also the 9 to the mazimal robust positively
invariant set Xy = [—4,4]) as e:cpected by Theorem 1 and Corollary 3.

Tllustrative Example 2 Our second ill ive example d the ad of the PTOC and
PTMPC over the methods utilizing the so—called afine disturbance feedbacks discussed in [15-18]. At the conceptual
level, these methods are subsumed within our method as they can be recovered from our method by invoking an
additional constraint on the control tubes, namely, by requiring that:

Vi € Nj1:q)s Yk € Npunv—1), V5 € Npenv—1)y Gigk) = M e @

for a set of design matrices M; zy € R™ ™ and i lucing these relationships as an additional set of ints in
the corresponding optimization for PTOC (where one optmuzes over the set of M; xy which then induce the set of
u(, ) ) Ctearly, h the ion with this additional set of ints is feasible so is the one without
dditional i Hence, wh the methods of [15-18] are feasible so is our proposal. We
prove that the a;pposite is mot true by providing an ezample where the methods of [15-18] fail to be feasible for the
RMPC synthesis while our PTMPC method allows for a feasible RMPC synthesis.
The system is two dimensional system specified by:

Y 1 (%) —sin( 1
& = i 3 =
3 Az + Bu+w, with, A 3 (sm§ 3(3 ),and,,B (1)

The state and control constraint sets are given by:
X:={z € R? : (0.0176, 0.0655)z < 1, (—0.0428, 0.0428)x < 1, (—0.0747, —0.0200)z < 1,
(—0 0176, —0.0655) < 1, (0.0428, —0.0428)z <1, (0.0747, 0.0200)z < 1}, and,
U:={ueR :zu<l, ——u<1}
The disturbance set W is given by:
W = convh({i; : i€ Npuqj}) where ¢ =18, and, ) = (~1.8660, —4.2321), ¥y = (—2.7321, —3.7321),
@ = (2.7321, —3.7321), 1y = (18660, —4.2321), s = (0, —4.7321), @ = (4.5981, 0.5000),
= (4.5981, —0.5000), s = (4.0981, —2.3660), Wy = (2.7321, 3.7321), wip = (4.0981, 2.3660),
w1y = (1.8660, 4.2321), w12 = (0, 4.7321), W13 = (—1.8660, 4.2321), W14 = (—4.5981, 0.5000),
W15 = (—4.5981, —0.5000), 1016 = (—4.0981, —2.3660), @17 = (—2.7321, 3.7321), w1z = (—4.0981, 2.3660).
The sets Q and R utilized for the cost function Vi (+) via the associated gauge functions are given by:
Q:i={zeR®: (1, 0z <1, —(1, Oz <L, (0, De<1, —(0, Nz <1}, and, R:={u€R : u<l, —u<1}.
The local linear feedback uw = Kz, the terminal constraint set Xy and the set P utilized in the cost function Vi ()

via the associated gauge function are given by:

Xy ={o € R? : (0.0473, 0.1765)z < 1, —(0.0473, 0.1765)z < 1, (0.1314, 0.0352)z <1, —(0.1314, 0.0852)z < 1},
—(0.3943, 0.1057), and,

Pi={zeR? : (10635, 3.9692)z < 1, —(1.0635, 3.9692)z < 1, (2.9564, 0.7922)x < 1, —(2.9564, 0.7922)z < 1}.

Similarly as in the previous ezample, any initial xp € X is to a target set Xy
within N = 2 steps. In particular, for the initial conditions equal to the extreme points of the set X the min-maz
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controllability to a target set X, can be guamnteed U’ and only if N = 2. The state constraint set X is in this

case equal to 2-step p y set Xy for this ezample. We consider the initial condition
zo = —(10.0127, 12.5832) and the hanzon length N = 2. Let %0y = %o. The only feasible control u € U for
this initial condition permitting for the min-max controllability to a target set Xy is u = 3 so we are forced to set
digo,0) = 3 and, in turn, we get F(o1) = (5.9455, —4. 4814)T which is one of the extreme points of the set X, © W.
This fizes the state tube cross-section X1 to X1 = &(o,1) ® W. The initial condition & xm 0) = Zo, the state F1) and
the state tube cross-section X, are shown in Figure 2. The 1- and 2-step p ized tubes Uability sets X,
X, as well as effective target sets at times 1 and 2, namely the sets X, ©W and X; ©W are also show in Fiyum 2(a)
using the different levels of gray scale shading. In order to implement the proposed PTMPC we need to find the

s o

Xo= 800 =55

"(8) Geometry of the Example. (b) PTOC State Tube.

Figure 2: Geometry and PTOC State Tubes for Illustrative Example 2.

partial control tube cross sections U1y = {1} and Ug,1y = {11y ¢ i € Njvg)} satisfying the constraints:

Vi € Njag), 0,1y + %1, € U, and,
Vi € Njpag), A%(o,1) + Bio,) + At + Bl € Xp 6 W.

This task is possible to accomplish since, by inspection of Figure 2 (b), we see that the state tube cross-section Xy
satisfies X1 C Xy and the set X, is the 1-step p ized tubes llability set. We solve PTOC for this problem
and in Figure 2 (b) we show the corresponding PTOC state tubes X2 = {Xo = {Z0,0}, X1 = Z,1) ® X(1,1), X2 =
z(n 29X (1,2)©X (2,2} obtained from the corresponding PTOC control tubes Uy = {Up = {0} Ur = @0, @V 1}
given by:

G,0) =3, Go,1) = —1.9251 and

Ugs,1) = convh({0.5, 0.8943, —0.6830, —0.5774, —0.1830, —1.0749, —1.0749, —1.0749, —1.0749,
—1.0749, —1.0749, —0.5000, 0.2887, 1.7604, 1.866, 1.683, 0.683, 1.366}) so that

U,y = [~1.0749,1.8660], and, i1y ® U1y = [-3,—-0.059] C U.

In Figure 2 (b), we also depict the set Fo,2) ® X(1,2) in order to illustrate that the partial state tube cross-section
X(1,2) has been transformed in a non linear fashion by the control rule induced from the partial control tube Uy 3y in
order to meet the constraints X = F(0,2) ® X(1,2 ® X2,9) € Xy.

By construction it follows that for the methods of [15- 18/ to be applicable it is necessary to find t,1y and a
matriz M € R*? satisfying the constraints:

Vi € Njgasg), G,y + M €U, and,
Vi € Njas)y A%(,1) + Bl +(A+ BM)w; € X; o W.

However, these constraints can not be satisfies as we have verified numerically and, hence, the methods of [15-18]
are not applicable to this problem. From the inspection of the Figure, it is nat smpnsmg that we can not find an
affine function of states belonging to the state tube X the issible controls actions for
the extreme points of X1 ensuring that the state tube cross-section Xy = Aoy + Biio,1) ® (A + BM)W & W
satisfies Xo C Xy (or equivalently A% 1) + Bii(o,1y © (A + BM)W C X; © W) and that the corresponding control
tube cross-section Uy = ficp,1) © MW C U. This should come without any surprises as there are 18 extreme points
4 of which lie on the boundary of the 1-step p terized tubes llability set Xy and we are allowed to select
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only three variables namely fio,1y, m1 and ma (where M = (mq, mg)). To sum up, our example demonstrates that
the methods of [15-18] may fail to be applicable when our proposal is applicable.

Tllustrative Example 3 Our third illustrative example is two dimensional system specified by:
: I % L
gt = Az + Bu+w, with, A= o 1 . and, , B= f %

The state and conirol constraint sets are given by:

1

1 1
—— - — nd, U = cu<l, —u<1}.
35 021 (0, 5)e <1, 0, —p)e <1}, and Ui={u€R : u<l, —u<1}

X:={zeR?: (5—10, 0z <1, (
The disturbance set W is given by:
W = convh({@; : i € Njp.q)}) where ¢ = 4, and, iy = (0.1, 0.1), 1@z = (0.1, =0.1), s = —y and By = —.
The sets Q and R wutilized for the cost function Vi (+) via the associated gauge functions are given by:
Q:i={z€R?: (1, Oz <1, —(1, Oz <1, (0, )z<1, —(0, Dz <1}, and, R:={uecR : u<1, —u<1}.

The local linear feedback uw = Kz, the terminal constraint set Xy and the set P utilized in the cost function Vi (:)
via the associated gauge function are given by:
Xy ={z €R? : —(0.1974, 0.0329)z < 1, (0.1095, —0.1277)z < 1, (0, 0.5)z <1,
(0.3750, 1.0625)z < 1, —(0.3750, 1.0625)z < 1},
K = —(0.375, 1.0625), and,
P={z€R? : (358103, 5.9684)c < 1, —(35.8103, 5.9684)z <1, (0, 90.7194)z < 1,
— (0, 90.7194)z < 1, (68.0396, 192.7788)z < 1, —(68.0396, 192.7788)z < 1}.

We set the horizon length N = 7. In Figure 3 (a), we show the state constraint set X, the T-step parameterized tubes
controllability set Xz, the terminal constraint set X and the minimal robust positively invariant set Xoo. The T-step

“(a) PTOC State Tubes. (b) Sample PTMPC Controlled Trajectories.”

Figure 3: PTOC State Tubes and Sample PTMPC Controlled Trajectories from Extreme Point of the Set A7.

P ized tubes llability set X7 has 17 extreme points and we solve PTOC for a set of initial conditions
being equal to the extreme points of X7. The corresponding PTOC state tubes are also shown in Figure 8 (a). As
evident, they satisfy state constraints as they remain with the sets X; and the final tube tube cross—sections are
all included in the terminal constraint set Xy. In Figure 3 (b), we show a number of trajectories generated by the
controlled uncertain dynamics obtained from the implementation of the PTMPC law for a set of random extreme
disturbance sequences. As expected in view of results established in Theorem 1 and Corollary 3, all these trajectories
converge ezponentially fast to the minimal robust positively invariant set Xoo.
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85 — Concluding Remarks

® Summary

® Historical Remarks
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Summary

® \Well-posed parameterized tube optimal control problems,

¢ Meaningful solution process & 2—dimensional thinking,

¢ Repetitive application of parameterized tube optimal control,
¢ RHC/MPC strategies,

¢ Suitably tailored use of optimization and control synthesis,

¢ Strong system—theoretic properties.

® Satisfaction of synthesis objectives:
¢ Constraint Satisfaction (Invariance),
¢ Stable process despite constraints and uncertainty (Stability),
¢ Optimized performance in an adequate sense,

¢ Computational efficiency.
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Question Time

That is all folks!

Thank you for patience! & Any guestions?
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