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Linear Matrix Equations

Matrix Form. The matrix counterpart of 1 is [A] · [X ] = [B],
where

[A] =

2

66664

a11 a12 · · · a1n

a21 a22
...

...
...

am1 · · · · · · amn

3

77775
·

2

666664

x1
x2

...
xn

3

777775
=

2

666664

b1
b2

...
bm

3

777775
(2)

Points to note:

Matrices A and X have dimensions (m ⇥ n) and (n ⇥ 1),
respectively.

Column vector B has dimensions (n ⇥ 1).
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Summary of Results

Classification of Solutions

The results are:

A unique solution {X} =
⇥
A�1

⇤
· {B} exists when

⇥
A�1

⇤

exists (i.e., det [A] 6= 0).

The equations are inconsistent when [A] is singular and
rank [A|B] 6= rank [A].

If rank [A|B] equals rank [A], then there are an infinite number
of solutions.
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Problem Statement/Theoretical Considerations

Working Example: Consider the matrix equations:

2

4
3 �6 7
9 0 �5
5 �8 6

3

5 ·

2

4
x1
x2
x3

3

5 =

2

4
3
3

�4

3

5 (43)

Part I: Theoretical Considerations:

A unique solution {X} =
⇥
A�1

⇤
· {B} exists when

⇥
A�1

⇤
exists

(i.e., det [A] 6= 0). Expanding det(A) about the first row gives:

det(A) = 3det


0 �5

�8 6

�
+ 6det


9 �5
5 6

�
+ 7det


9 0
5 �8

�
,

= 3(0� 40) + 6(54 + 25) + 7(�72� 0) = �150.
(44)
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Working with NumPy

Part II: Program Source Code:
1 # ===============================================================
2 # TestMatrixEquations01 .py: Compute solution to matrix equations .
3 #
4 # Written by: Mark Austin November 2022
5 # ===============================================================
6

7 import numpy as np
8 from numpy.linalg import matrix_rank
9

10 # Function to print two - dimensional matrices ...
11

12 def PrintMatrix(name , a):
13 print("Matrix: {:s} ".format(name) );
14 for row in a:
15 for col in row:
16 print("{:8.3f}".format(col), end=" ")
17 print("")
18

19 # main method ...
20

21 def main ():
22 print("--- Enter TestMatrixEquations01.main() ... ");
23 print("--- ======================================== ... ");
24

25 print("--- Part 1: Create test matrices ... ");
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Working with NumPy

Part II: Program Source Code: (Continued) ...
27 A = np.array( [ [ 3, -6, 7],
28 [ 9, 0, -5],
29 [ 5, -8, 6] ]);
30 PrintMatrix("A", A);
31

32 B = np.array([ [3], [3], [-4] ]);
33 PrintMatrix("B", B);
34

35 print("--- Part 2: Check properties of matrix A ... ");
36

37 rank = matrix_rank(A)
38 det = np.linalg.det(A)
39

40 print("--- Matrix A: rank = {:f}, det = {:f} ...".format(rank , det) );
41

42 print("--- Part 3: Solve A.x = B ... ");
43

44 x = np.linalg.solve(A, B)
45 PrintMatrix("x", x);
46

47 print("--- ======================================== ... ");
48 print("--- Leave TestMatrixEquations01.main() ... ");
49

50 # call the main method ...
51

52 main()
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Working with NumPy

Part III: Program Output:

# Part 1: Create test matrices ... # Part 3: Solve A.x = B ...

Matrix: A Matrix: x
3.000 -6.000 7.000 2.000
9.000 0.000 -5.000 4.000
5.000 -8.000 6.000 3.000

Matrix: B
3.000
3.000

-4.000

# Part 2: Check properties of matrix A ...

Matrix A: rank = 3.000000, det = -150.000000 ...
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