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Abstract

The unified approach to estimation of a stochastic signal satisfying
a dyn?.mical equation through the use of martingale and multiplicity theory
is applied, in its infinite dimensional version, to the problem of estimation
of 2 signal via quantum mechanical measurements in an optical communication
system. The ''state' is an operator valued stochastic ;rocess representing
a density operator in the quantum mechanical sense acting in an appropriate
Hilbert space. The aim is the derivation of recursion relations for the
optimum measurement operators that minimize a quadratic cost function.
The Markovian nature of the density operator indexed by the. signal process

allows for optimum or suboptimum recursive filtering relations that are

analogous to the ones in the classical case. -
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Summary

The study of optical communication systems based on quantum
mechanical measurements has led to 2 number of results in signal detection
and parameter estimation problems [1-3]. The quantum theoretical frame-
work in which these problems are described usually requires departure
from classical mathematical techniques. The problem of estimating a
discrete time stochastic signal x, via quantum measurements has been
considered in [4].

The scope of filtering and estimation theory has been recently enlarged
through the use of the theory of martingales, the theory of multiplicity, and
‘the extended, infinite dimensional Kalman filte ring applied to operator '
valued stochastic processes [5-9].

.In this paper some preliminary work has been done towards formulating
the quantum filtering prpblem in the context of infinite dimensional Kalman
ﬁlltering. The recursive formulas for the estimators obtained in classical
cases by using the multiplicity (linear innovations)-approach [10; 11] or
the markov-martingale (general innovations) approach [12,13] are expected |
to be generalized in the quantum case.

The information carrier is a scalar or vector random process X,
t=1,2,..., which is received by an apperture that opens and closes
periodically in the usual fashion [1]. The received field in the cavity

after the apperture closes is described by a density operator psx , indexed
: t

by the value of the signal X, that acts on a s-eparable Hilbert space Hs, and



is positive definite, self-adjoint, and of trace one {14]. Through the
dependence on the process X the sequence Oi becomes an operator
valued stochastic process, in the space of Hiltbert - Schmidt operators
HS(HS,HS), that, besides, under the trace norm evolves on the unit sphere

of the space TC(HS,HS) (14].

The assumption that pi depends only on the value of the signal x,
t

at time t and not on time t explicity bypasses the need to consider the
Schrodinger evolution equation, and is justified by the assumed periodic
opening and closing pattern of the apperture by which the receivér operates.

. The signal process X, is assumed to be Markov, satisfying a dynamical
difference equation.- It is then shown that (pi => p: is also a Markov
(infinite dimensional) process that satisfies an operator difference equation
of the form

p° = co(of) +w

t+1 t

where W, is an operator valued stochastic process with independent, or
othogonal, increments (depending on whether the Markov property is strict
sense or wide sense). The map @ as well as the properties of w, depend
on the dynamics of the signal process X, and on the quantum physical
nature of p: .

The measurements at time t are described by self-adjoint operators
Vt’ in the usual quantum mechanical sense [ 1-3]. To allow for measure-
ments that do not correspond to physical observables, as well as in order

to by-pass the non-commutativity of operators corresponding to different



observables [2,3] it is now accepted that an extended, product Hilbert
A
space H = H° @ H® must be considered (Hs corresponding to the original
~ physical system, and HA to an apparatus added to the system). The operators

pt are assumed to be the extended ones that act on the enlarged product space

A
(Dt = D: & Py ). The extended operators continue to posses the Markovian
property.

The problem is to choose Vt in order to minimize the mean-squared

error

. 2 ¢ x %
E [xt - xt:] =) p(xt) Tr { pxt (Vt-xtl)(Vt -xtI) } dx,

where p(xt) is the p;'obability density function of X and * denotes adjoint
or complex conjugate.

First, conditions are seeked for the optimum measurements to satisfy
recursion relations. Secondly, assuming a suboptimal recursive structure

of the form

the questions of obtaining f and of interpreting it are investigated.
The theory is applied to special cases such as the coherent estimation

of an amplitude modulated signal by an ideal receiver with a single mode

corresponding to a harmonic oscillator (1,2].
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