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INTRODUCTION

We consider the nonlinear filtering problem of a
vector diffusion process, when several noisy vector ob-
servations with possibly different dimension of their
range space are available. At each time any number of
these observations (or sensors) can be utililized in
the signal processing performed by the nonlinear filter.
The problem considered is the optimal selection of a
schedule of these sensors from the available set, so
as to optimally estimate a function of the state at the
final time. Optimality is measured by a combined perfor-
mance measure that allocates penalties for errors in
estimation, switching between sensor schedules and for
running a sensor. The solution is obtained in the form
of a system of quasi-variational inequalities in the
space of solutions of certain Zakai equations.

1 - PRELIMINARY DESCRIPTION OF THE PROBLEM

The problem considered is as follows. A signal (or
state) process x(*) is given, modelled by the diffusion

dx = f(x(t))dt + g(x(t))dw
(1.1)
x(0) = ¢
in R". We further consider M noisy observations of x(°),

described by

1/2 . 4

i i dv (t)

dy” = hi(x(t))dt + R
(1.2)

vty = o

. d.
with values in R 1, Here w(*), vi(') are independent,
standard, Wiener processes in RD, rdi respectively and
R; = RY are dy *d; symmetric, positive definite matri-

1 1
ces,

The control concerns all possible sensor activation
configurations. There are N = 2M possibilities (each
sensor can be activated or not).

A schedule of sensors is a piecewise constant func-
tion u(-) (o,7] » [1,...N]. Let 1. be the increasing
sequence of switching times, and

v, = u(T, [1... N]

] J)
the corresponding sequence of sensor configurations,
hence

u(t) = Vj’ te [Tj,T , j=l,2...

3+

One can then make precise the observation process
corresponding to a sensor schedule u(e).

CH2245-9/85/0000-1184 $1.00 © 1985 IEEE

Define indeed for v = [1,... N]
bl Gox (D

h(x;v) = | (1.3)

hM(X)xV(M)

where Xv(i) =1 if i is activated under the configura-
tion y. Hence h is a R” valued vector, where

D=d1+...+dM.
Define next
vl(t)
v(t) =
vM(t)

which is a standard Wiener process in RD

5 , and r(V) ¢
L(RD;RD) defined by

r(v) = Block diagonal {R;/zxv(i)}.
With this notation, the observation in the interval
[Tj’Tj+1) is given by

h(x(t),vj)dt + r(vj)dv(t), t e[Tj,T_ ).

j+l
Therefore the observation corresponding to the schedule
u(+) is described by

dy(t;u(+)) = h(x(t),u(t))dt + r(u(t))dv(t). (1.4)
In order to define the cost function, corresponding to
a sensor schedule, one considers functions k(x;v,v') and
c(x;V) representing the switching cost from the configu-
ration v to the configuration v', and the running cost
of the configuration v. Typically they are of the form

=

cx;v) = jzl e GX, (1)

L}

M o 1
jzl(kj Xy (3D +k X0 (4))

k(x;v,v")
where k° represents the cost of switching off the sensor
j, and J k% the cost of switching on the sensor j.

The cost function corresponding to a schedule u(*),
is written as
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T
Hu()) = E{[x(D-%(D) |2 + j c(x(t),u(t))de

° (1.5)

}

+ JX k(x(t);U(Tj_l).U(Tj))XTj o

where X(T) is the best estimate of x(T), corresponding
to the observation process y(tsue)).

2 - THE STOCHASTIC CONTROL FORMULATION

It remains to make precise the probabilistic set
up, in particular the family of c-algebras to which the
sensor schedule should be adapted.

2.1. Setting of the model

Let (Qx;ﬁ{?) be a complete probability space, on
vhich a filtration F_ is given,od = F - Let w(e), z(9)
be two independant, standard F -Wiener processes with
values in R™ and R respectivefy, and £ be a R"-valued
random variable, independant of w(s), z(+), with proba-
bility distribution -

Let f,g such that

n

f: R »»Rn, bounded and Lipschitz

g : R" S L(Rn;Rn), bounded and Lipschitz ; (2.1)

a =%gg*za1-

The Lipschitz assumption simplifies some technica-
lities but are not essential

. d:
| LN R 1, bounded and Holder continuous.(2,2)

Let A be the 2nd order differential operator

b 3 3
A= Z_ 25 S 'Zfi(x)aT,
i,j=1 i3 i i
n (2.3)
3 3 3
=- 7 T (B30 + T e, (k) =
i,5=1 axi ij axj H i Bxi
where
n Bai.
a (x) = - fi(x) + jzl S;TJ’(X)-

Consider an increasing sequence T,<T,...< 1. < ‘e
of F, stopping times. To each stopping time T, is asso-
tiated a random variable V. with values in the set
{LZ...N}, and vy is F, measurable.

i

Moreover
Ti T, as it
andTO = 0. Note that Ty = T is possible. Define

).

u{t) =
) v, for te [Ti,Ti+l |
This process is a random schedule of sensors. Define
r{u(t)) and h(x(t),u(t)) as in section 1, and the pro-
cess y(t;u(+)) by
t
y(tiu()) = J r(u(s))dz(s). (2.4)
o
In order to derive (1.4) we proceed with a Girsanov
Fransformation. First notice that although r(v) is not
invertible, one can write

h(x,v) = r(v)i(x;v) (2.5)
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where
_ Rl eox, 1)
h(x;v) =

Ry 2 e G, o0

Consider then the process

t
g(t) = EXP{J h(x(s),u(s))+dz(s)
o (2.6)

t .
- % J ]h(x(s),u(s)]2 ds}
o

which is a F‘t martingale.

Let us define a change of probability measure

u(s)
A (2.7)
dr Ft
and consider also the process
t
v(t) = z(t) - j h(x(s),u(s))ds. (2.8)

o
By Girsanov's theorem, under the probability measure
Pu(.) on (Q;’ﬁé, v(*) is a standard Ft—Wiener process

with values in RD. Note that x(+) retains its probabili-
ty low under Pu(*), ¥rom (2.4) and (2.8) we see at once

that under Pu(.), the process y(t;u(+)) behaves accord-
ing to the relation (1.4).

Let us now define what is the class of admissible
controls. For any u(*), given the construction of
y(*,u(*)) above we can consider FY(*,u(*)) defined by

F{(.,u(-)) = 0(y(s,u(*)), s<t).

We shall say that u(+) is admissible if u(+) is F:
and Fy(-,u(-)) measurable. Note that for an admissible

control, Fy(.’u(.))c Fz.
t t
Defining

%(T) = Eu(.)[x(T) F¥(°,u('))]
we can write the cost function (1.5) more precisely as

) 2 T
J(u) = g {=(T)-%(T)| * + f c(x(t),u(t))de
© (2.9)
}

+ Z k(x(Tj)’u(T'—l)’U(Tj))xrj< T

3 J
The problem consists in minimizing J(u) among the
set of admissible controls.

2.2. The equivalent fully observed problem.

Consider as customary in the theory of non linear
filtering, the operator

plule),t) (p) = E{E(t)w(x(t))lFZ("u('>)} (2.10)

for each impulsive control u(s). One can view plu(«),t)
as a positive finite measure on RD,

To obtain a simple form for the evolution equation
of p, assume that



N )
T has a density with respect to Lebesgue's () 1)y

measure p_ € LZ(Rn).
Consider the Zakai equation (controlled by u(*)),

dp + A*p dt = p;(',u(t))'dz

(2.12)
p(o) = pg

whose solution is sought in the functional space

2 X N 2 qleon
120 9p;c(o,T;R ))r\LFy(.’u(.)>(O,T,H R™) (2.13)

where the 2nd space means that the process p is adapted
to the filtration y(+,u(*)). From PARDOUX {3] it follows
that the solution of (2.12), (2.13) is unique, and more-
over the correspondance between (2.10) and ((2.12) is
given by

pu(=),t) (V) J Y(x)plu(*),x,t)dx
n

R (2.14)
= (¥,plul*),t)

(scalar product in Lz(Rn)).

We can then rewrite the cost (2,9) in terms of the
process p(u(*),t) (with values in LZ(Rn)) *) . However
since we shall deal with unbounded functions, it is
useful to consider, instead of 12(RD), HI(R“), Sobolev
spaces with weights.

Let

112

ey = (elxldys e D

4

and Lz(Rn;u) denotes the space of functions & such that
Gu € Lz(Rn). Define in a similar way Ll(R“;u), Hl(R“;u).
Then assume that

P, € Lz(Rn;u)erl(Rn;u) (2.15)

which is more stringent than (2.11). It follows that
besides (2.13) the solution p(u(*),t) satisfies

P(u('),t)‘:LZ(Q,CQLP;C(O,T;LZ(RH;U)erl(Rn;u))
and 120, T;H (R%50)) . (2.16)

Consider the functional on Lz(Rn;u)

tl eyx axd?
Y(B) = j (2.17)

[ G(X)xzdx -
6(x) dx

which is well defined with the choice of the weight u.
Define also

c(v) (x) = c(x;3Vv)

k(v,v")(x) = k(x,v;v")

then it is not difficult to convince oneself that the
cost function J(u) can be written as

T
J(u) = EfY(p(u(*),T)) + J (p(u(+),t),Culr)))dt
- ° (2.18)

+ izl xTi< T (P(“('>’T1)’K(“(Ti-1)’“(Ti)))}'

(%) there is a slight abuse of notation here, since we
denote in the same way the measure _on RD, plu(+),t)
and its density which belongs to L (RD) .

Note that one can write (2.12) more directly in terns
of dy (instead of dz), by noticing that

BCe,u(t))~dz = 8(+,u(t))=dy(t;u(+))

where
7! hl(x)x (1)

1 v
§(x,Vv) =

:-1 M
RSB G0 X, ()

3 - THE SOLUTION OF THE OPTIMIZATION PROBLEM

. Setting up a system of quasi variational inequali-
ties.

Let us consider the Banach space H = LZ(Rn;p) n

1
L (Rn;u) and the metric space u* of positive elements
of H. Let

B -

space of Borel, measurable, bounded functions
on HY
q% = space of uniformly continuous, bounde functions
on H*
Introduce also the subspacesf%% and(fi of functionals
F such that
[F(m) |
WEll, = sup ———
medt 1+ |7l
U
here |m| =
where {m| = |yl

Ll(Rn;u)
iy [%

The spaces ﬁBl and 121 are also Banach spaces. Con-
sider semi-groups ¢;(t) onéé?or’,ﬁ, defined as follows.
Freeze in (2.12) u(%) as j and denote by p; the corres-
ponding density

pj(t)'= p(i,t)

then p, = p. is the solution of

J 3,7

*
dp. + A'p.
Pj Pj

Pj(O) =T

dt = p. ndedz
J (3.1)

We set

¢j(t)(F)(ﬂ) = E{F(pj,ﬂ(t))}.

Then ¢4 is a semi group onéﬁgor Q?. It is not a semi
group °n\581> 6—1 but it has an important property. 1f

F(m)!

sup then
ae0 (1)

one sets []FT11 =
e, @I, < lFl

which of course makes sense only for F such that]!FH1<w-
To simplify the writing we restrict ourselves to the
case N=2, from now on, and we use the notation

¢y = (1) , i=1,2
k1 = k(1,2)
k2 = k(2,1)
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k,, k, which are bounded functions of x,
. :”Cz) 1 72

;-véspoﬂd functionals on %)l via (for example)

Cl(ﬂ) = (cl,ﬂ).

rynctional Y(7) defined by (2.17), considered on
V.Eélongs also to "1-

consider now the set of functionals U (m,t), U, (m,t)
csnisfying
o

o
- C(O,T,fgl)
,Lvl(.,t), U,(+,t) 20

UIUuT) = U, m,T) = ¥(m
S
¢1(>\—t)cl(n)d)\
t
s (3.2)
. ¢2(A—t)C2(n)dl

%(W,t)f ¢1(s-t)U1(s)(ﬂ) + J

Uy(T,t) £ ¢, (s-t)U, (s) () + J

¥s2t

Ul(ﬂ,t) Skl("ﬂ) + U2(7T,t)

Uz(ﬂ,t)Skz(TT) + Ul(n,t)
where we use the notation Ui(s)(ﬂ) = Ui(ﬂ,s), i=1,2.

Then one can prove the following

Theorem 3.1 : We assume (2.1), (2.2), (2.15). Then the

set of functionals Ul’ U, satisfying (3.2) is not empty

and has a maximum element, in the sense that if Ul’ U2

denotes this maximum element and Ul’ U2 satisfies (3.2)

then

V20, U2,

3.2. Interpretation of the maximum element.

Note now U,, Uy the maximum element, to save nota-
tion. Consider to fix the ideas Ul(ﬂ,t) with (m,1) = 1
(1 is a probability density).

One constructs a schedule as follows. Define

TI = inf {U)(p (1),1) = ky (P (£))+U,(p, (£),1))

t<T
and write
P*(t) = pl(t) , te [O,T;J.
Next define

*
T =

> inf {U,(p,(1),t) = ky(py(£)) + U (p (1))}

*< <T
T St<
where pz(t) represents the solution of (3.1) with j=2
and initial condition given at T, with value p, /).
. 1 11
We then define

pr(t) = py(t) , te [TI,T;].

* * *
Note that unless T = T, one has T2> Ty

One then proceeds in constructing a sequence of
stopping times TT< X< T§< ... and the process p*(+).
One then can prove t%e following

Theorem 3.2 : Under the assumptions of Theorem 3.1,

one has
Ul(ﬂ,O) = inf J(u(+))
{U(O)=1}
p(0)=n

* *
and the sequence of stopping times TI,TZ,... defines an
optimal admissible sensor schedule.

Note that the functional Y(m) creates technical pro-
blems. The proof is carried over first for functionals

satisfying
0= y(m) <y(m,1) , where {§ is a

constant. Details can be found in BARAS-BENSOUSSAN [27.
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